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 A B S T R A C T

An extended coupled level-set and volume-of-fluid (CLSVOF) method is developed for capturing 
compressible multiphase flow behavior induced by ultrasonic excitation, incorporating vis-
coelastic solid deformation effects. The proposed model ensures accurate mass conservation for 
compressible bubbles by introducing a mass-conservative formulation and effectively captures 
solid deformation by employing a fully Eulerian approach under axisymmetric coordinate 
system. The accuracy of the proposed method was verified through a series of benchmark tests, 
demonstrating close consistency with the reference results. Ultrasound-driven single-bubble 
growth and collapse were simulated, and the numerical predictions were validated against 
the Keller–Miksis analytical solution. The numerical model was also applied to investigate 
two-bubble dynamics, exhibiting mirror-like symmetric flow fields analogous to bubble–wall 
interactions. In both single- and two-bubble simulations, the results demonstrated excellent 
mass conservation throughout the entire simulation process. Finally, the CLSVOF method was 
applied to simulate ultrasound-driven bubble motion near a viscoelastic spherical solid cell. A 
parametric analysis was performed by varying the initial surface-to-surface distance and elastic 
shear modulus to evaluate their impact on bubble–cell interactions.

1. Introduction

Ultrasound-induced bubble dynamics play a critical role in diverse engineering applications, including water decontamina-
tion [1], drug delivery [2], and surface cleaning [3]. During bubble collapse, the resulting liquid jet can destroy organic matter 
such as viruses [1]; bubble expansion and contraction exert mechanical stresses that enhance drug uptake in adjacent tissues [2]; 
and liquid-jet-induced microstreaming imposes shear forces to biofilms attached to underlying substrates, thereby facilitating 
contaminant removal [3]. Although understanding bubble dynamics near deformable solids under ultrasonic fields is important, 
a comprehensive predictive framework for these phenomena has yet to be fully established.

Numerous numerical studies have extended the level-set (LS) method for simulating compressible gas-liquid interfacial dynamics 
[4–7]. Hu and Khoo [5] investigated bubble collapse under an incident shock, employing the LS approach in conjunction with a 
modified ghost fluid method (GFM) [4] to handle interfacial discontinuities caused by strong shocks. Huber et al. [6] simulated 
bubble oscillations in ultrasonic fields with a semi-implicit compressible projection framework that integrates the LS and GFM 
techniques, and validated their results against 1D Rayleigh–Plesset (RP) solutions. Lee and Son [7] developed an LS-based 
formulation integrating a semi-implicit pressure correction and the GFM to mitigate time-step constraints and accurately resolve 
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interfacial discontinuities. However, these LS-based numerical approaches are known to suffer from mass loss due to their inherently 
non-conservative nature.

In parallel, a number of numerical investigations have utilized the volume-of-fluid (VOF) approach [8–10] for simulating 
compressible gas–liquid interface dynamics, benefiting from its inherent conservation of phase volume. Miller et al. [8] simulated 
underwater explosions using a VOF method within the OpenFOAM framework, where the gas and liquid phases were treated 
under isentropic and constant-temperature assumptions, respectively. Koch et al. [9] modeled laser-induced cavitation bubble 
dynamics under adiabatic conditions by reducing numerical errors associated with the additional compressibility term in the VOF 
advection equation. However, these conventional pressure-based VOF approaches are limited in simulating compressible bubble 
dynamics in acoustic fields involving negative pressures and exhibit significant mass loss because their compressible formulation is 
non-conservative [8–10].

To address these issues, several researchers [11,12] have developed mass-conservative VOF methods by coupling the volume and 
mass fluxes. Fuster and Popinet [11] proposed a projection-based VOF formulation applicable across all Mach number regimes within 
the Basilisk framework, wherein conservative quantities are advected based on the volumetric flux reconstructed at the interface. 
Saade et al. [12] extended this approach by incorporating thermal diffusion to study the response of an argon bubble under acoustic 
excitation. Despite these advancements, VOF-based numerical schemes still face fundamental challenges in accurately evaluating 
interfacial normals and curvatures, particularly for collapsing bubbles that undergo severe interface distortion under under-resolved 
conditions [13,14].

Several numerical studies [15–17] have extended the CLSVOF scheme, which couples the VOF and LS methods to maintain 
volume conservation and geometric fidelity, for analyzing compressible gas–liquid interactions. developed a compressible CLSVOF 
approach in OpenFOAM by coupling the LS method with an algebraic VOF scheme through additional terms accounting for 
compressibility, and applied it to calculate the oscillating water column problem. Chakraborty [17] extended the CLSVOF method, 
which couples a geometrically volume-conserving VOF scheme with the LS method, to simulate weakly compressible two-phase 
flows. They computed axisymmetric single-bubble oscillations under acoustic excitation below a pulse amplitude of 1 atm and 
evaluated their consistency against the prediction of the Rayleigh–Plesset (RP) equation. As far as the authors are aware, no CLSVOF 
formulation has yet been developed to employ a mass-conservative formulation for simulating bubble growth and collapse under 
ultrasonic conditions involving significant negative pressures.

Numerical investigations [18–20] on compressible multiphase flows involving deformable solids have primarily adopted 
Lagrangian approaches for the solid phase, where elastic stresses are evaluated based on the deformation of material markers 
distributed within the solid domain. Chahine et al. [18] performed numerical analyses of liquid jet impact and secondary toroidal 
bubble collapse to examine their effects on the plastic deformation of flexible solids, using a coupled fluid–solid framework in which 
the solid response was evaluated through a finite element formulation. Firly et al. [20] conducted numerical simulations of bubble 
collapse triggered by shock waves and the subsequent deformation of various metallic and polymeric materials by employing a 
VOF approach formulated on the conservative Euler equations and coupled with an arbitrary Lagrangian–Eulerian scheme [21] to 
describe solid deformation. Although Lagrangian methods are widely used for solid deformation analysis, mesh distortion caused 
by large deformations often necessitates remeshing [22,23].

To overcome this limitation, full Eulerian approaches [24–26] have been proposed to compute both solid and fluid phases 
simultaneously within a single Eulerian framework, thereby eliminating the need for mesh regeneration. Koukas et al. [25] 
extended a diffuse-interface scheme based on the six-equation model, including isotropic elastic solid deformation within an Eulerian 
framework, and simulated shock-induced bubble collapse near flexible biological tissues. Park and Son [26] developed an LS scheme 
featuring a sharply defined interface to simulate ultrasonic bubble dynamics that accounts for deformable solid behavior, and 
analyzed the influences of material properties, including acoustic parameters and shear modulus, on the large deformation of 
viscoelastic tissue. However, the CLSVOF method has not been extended to model bubble dynamics induced by ultrasound and 
the resulting viscoelastic solid deformation.

In this work, our previously developed CLSVOF method [27] was extended to numerically simulate bubble dynamics induced 
by ultrasound and the resulting deformation of adjacent solids by solving a mass-conservative formulation and incorporating the 
full Eulerian approach introduced in Ref. [28]. The van der Waals (VDW) and Tait equations were employed for the gas and the 
liquid/solid phases, assuming isothermal and isentropic conditions, respectively. Several benchmark tests were first conducted for 
validation, and the numerical results for single-bubble expansion under ultrasonic conditions were compared with the Keller–Miksis 
(KM) equation solution and results obtained using commercial software. The two-bubble dynamics subjected to ultrasonic excitation 
was also compared with single-bubble behavior with bubble–wall interactions. Finally, ultrasonic bubble motion coupled with 
viscoelastic cell deformation was simulated, and bubble–cell interactions were examined with respect to the elastic shear modulus 
and the initial surface-to-surface distance.

2. Numerical analysis

Building upon the CLSVOF framework proposed in our earlier work [27], the present study broadens the scheme to simulate 
ultrasound-induced bubble dynamics in a deformable viscoelastic solid. The developed numerical approach was verified through 
a series of test cases and then applied to compute bubble dynamics near a viscoelastic spherical cell subjected to ultrasonic pulse 
excitation, as shown in Fig.  1(a). Two LS functions [29,30], 𝜙𝑠∕𝑏, defined as signed distance functions from the water–solid and 
water-bubble interfaces, respectively, together with two VOF functions, 𝛼𝑠∕𝑏, were employed to capture interfacial dynamics. In 
this study, all phases were treated as compressible and isothermal, and material properties were assumed constant except for the 
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Fig. 1. Schematics of (a) the interface configuration, where the domain for phase 𝑓 is enclosed by thick solid lines, and (b) the staggered mesh 
arrangement in axisymmetric coordinates.

densities. Thermal effects such as collapse-induced heating and phase-change heat transfer were not explicitly resolved under the 
present isothermal assumption, which has also been adopted in several previous numerical studies of bubble collapse [16,31–33] 
For the microscale bubble considered in the present study, the thermal diffusion time scale is sufficiently short due to the small 
characteristic length scale. In addition, thermal diffusion and mass-transfer effects become less significant under high-frequency 
ultrasonic excitation [34]. Therefore, the present bubble–cell interaction is considered to be governed primarily by rapid mechanical 
dynamics rather than by thermal effects. The compressible bubble pressure 𝑝𝑏 was evaluated under isothermal conditions using the 
VDW equation to accurately represent the elevated internal pressure generated during bubble collapse [35]: 

𝑝𝑏 = (𝑝∞ + 𝑐1𝜌
2
𝑏,∞)

(𝜌−1𝑏,∞ − 𝑐2)

(𝜌−1𝑏 − 𝑐2)
− 𝑐1𝜌

2
𝑏 (1)

where 

𝑐1 =
27
64

𝑅2
𝑔𝑇

2
𝑐

𝑝𝑐
, 𝑐2 =

𝑅𝑔𝑇𝑐
8𝑝𝑐

(2)

Here, 𝑅𝑔 = 287 J∕kgK, and the subscript 𝑐 represents the critical state. To account for the influences of the ultrasound pulse and the 
resulting shock emissions in both the solid and the surrounding liquid water domain, the pressures within the compressible solid 
and liquid phases, 𝑝𝑠∕𝑙, were determined using the Tait equation [26]: 

𝑝𝑙∕𝑠 = 𝑝𝑙∕𝑠,∞ +𝛱𝑙∕𝑠

[( 𝜌𝑙∕𝑠
𝜌𝑙∕𝑠,∞

)𝛾𝑙∕𝑠
− 1

]

(3)

Here, 𝛱𝑙∕𝑠 is a parameter related to the bulk modulus, defined as 𝛾𝑙∕𝑠𝛱𝑙∕𝑠, where 𝛾𝑙∕𝑠 = 7.15. The sound speeds for all phases, 𝑎𝑏∕𝑙∕𝑠, 
were then derived as 

𝑎2𝑏 =
𝑝𝑏 + 𝑐1𝜌2𝑏

𝜌𝑏(1 − 𝜌𝑏𝑐2)
− 2𝑐1𝜌𝑏 (4)

𝑎2𝑙∕𝑠 =
𝛾𝑙∕𝑠(𝑝𝑙∕𝑠 − 𝑝𝑙∕𝑠,∞ +𝛱𝑙∕𝑠)

𝜌𝑙∕𝑠
(5)

2.1. Governing equations for compressible multiphase flow

In the bubble, liquid, and solid phases, the conservation equations can be written as 
𝜕𝜌𝑓
𝜕𝑡

+ ∇ ⋅ (𝐮𝑓 𝜌𝑓 ) = 0 (6)

𝜕𝜌𝑓𝐮𝑓
𝜕𝑡

+ ∇ ⋅ (𝐮𝑓 𝜌𝑓𝐮𝑓 ) = −∇𝑝𝑓 + ∇ ⋅ 𝝉𝑓 (7)

where 
𝝉 = 𝜇

(

∇𝐮 + (∇𝐮 )𝑇 − 2 (∇ ⋅ 𝐮 )𝐈
)

(8)
𝑏∕𝑙 𝑏∕𝑙 𝑏∕𝑙 𝑏∕𝑙 3 𝑏∕𝑙
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𝝉𝑠 = 𝜇𝑠
(

∇𝐮𝑠 + (∇𝐮𝑠)𝑇 − 2
3
(∇ ⋅ 𝐮𝑠)𝐈

)

+ 𝝉𝑒 (9)

Here, the subscript 𝑓 indicates each phase: the solid (𝑠) for 𝜙𝑠 ≥ 0 ∩𝜙𝑏 < 0, the liquid (𝑙) for 𝜙𝑠 < 0 ∩𝜙𝑏 < 0, and the bubble (𝑏) for 
𝜙𝑠 < 0 ∩ 𝜙𝑏 ≥ 0.

For the solid-gas-liquid multiphase domains, Eq. (7) can be reformulated in the following form: 
𝜕𝜌𝐮
𝜕𝑡

+ ∇ ⋅ 𝐮𝜌𝐮 = −(∇𝑝 + 𝜎𝜅𝑙∇𝐻𝑏) + ∇ ⋅ 𝛼𝑠𝝉𝑒 + ∇ ⋅ 𝜇
(

∇𝐮 + (∇𝐮)𝑇 − 2
3
(∇ ⋅ 𝐮)𝐈

)

(10)

where 
𝜌 = 𝜌𝑠𝛼𝑠 +

[

𝜌𝑏𝛼𝑏 + 𝜌𝑙(1 − 𝛼𝑏)
]

(1 − 𝛼𝑠) (11)

𝜇 = 𝜇𝑠𝛼𝑠 +
[

𝜇𝑏𝛼𝑏 + 𝜇𝑙(1 − 𝛼𝑏)
]

(1 − 𝛼𝑠) (12)

𝜅𝑙 = ∇ ⋅
∇𝜙𝑏
|∇𝜙𝑏|

(13)

𝐻𝑏 = 1 if 𝜙𝑏 ≥ 0 (14)
= 0 if 𝜙𝑏 < 0

𝝉𝑒 = 𝐺 (𝐁 − 𝐈) (15)

Here, 𝜅𝑙 denotes the bubble–water interfacial curvature. 𝐻𝑏 represents the sharp Heaviside function, and 𝝉𝑒, 𝐁, and 𝐺 denote the 
neo-Hookean elastic stress, the spatial deformation tensor defined as 𝐁 = (𝜕𝐱∕𝜕𝐗)(𝜕𝐱∕𝜕𝐗)𝑇 , and the shear modulus, respectively. In 
the Eulerian framework, the evolution equation for 𝐁 is expressed as follows [28,36] 

𝜕𝐁
𝜕𝑡

+ 𝐮 ⋅ ∇𝐁 = (∇𝐮)𝑇 ⋅ 𝐁 + 𝐁 ⋅ (∇𝐮) (16)

2.2. Mass-conserving CLSVOF method

To ensure mass conservation, the VOF functions were used to correct the interfaces defined by the LS functions [27,37]. The LS 
and VOF functions were then advected successively in the 𝑟− and 𝑧− directions as follows: 

𝜕𝜙𝑓

𝜕𝑡
+ 𝐮𝑓 ⋅ ∇𝜙𝑓 = 0 (17)

𝜕𝜌𝑓𝛼𝑓
𝜕𝑡

+ ∇ ⋅ 𝜌𝑓𝛼𝑓𝐮𝑓 = 0 (18)

Here, accurate evaluation of the volume flux in the convective term of Eq. (18) requires interface reconstruction based on the 
advanced 𝛼𝑓  and the interfacial normal 𝐧𝑓 = ∇𝜙𝑓∕|∇𝜙𝑓 |. It should be noted that 𝐧𝑓  can be calculated more straightforwardly using 
𝜙𝑓 , which is updated by Eq. (17). Eq. (18) satisfies the mass conservation property, with the density 𝜌𝑓  obtained from the mass 
Eq. (6).

2.3. Discretization of the CLSVOF method

The temporally discretized formulation of the mass Eq. (6) can be written as follows: 
𝜌𝑛+1𝑓 − 𝜌𝑛𝑓

𝛥𝑡
+ ∇ ⋅ (𝐮𝑓 𝜌𝑓 )𝑛 = 0 (19)

Here, the convective term in the mass Eq. (19) was evaluated using the ghost fluid method (GFM) [4,7], which effectively 
incorporates discontinuous interfacial conditions. The VOF advection Eq. (18) was computed using an operator-splitting approach 
[27,37], with 𝜌𝑓  obtained from Eq. (19). The advection process was further decomposed into two fractional steps along the radial 
and 𝑧-axis directions as 

𝜌𝑛𝑓𝛼
∗
𝑓 − 𝜌𝑛𝑓𝛼

𝑛
𝑓

𝛥𝑡
+ 1

𝑟
𝜕
𝜕𝑟

(𝑟𝜌𝑓 𝑢𝑓𝛼𝑛𝑓 ) =
𝛼∗𝑓
𝑟

( 𝜕𝑟𝜌𝑓 𝑢𝑓
𝜕𝑟

)𝑛

(20)

𝜌𝑛𝑓𝛼
∗∗
𝑓 − 𝜌𝑛𝑓𝛼

∗
𝑓

𝛥𝑡
+ 𝜕

𝜕𝑧
(𝜌𝑓𝑤𝑓𝛼

∗
𝑓 ) = 𝛼∗𝑓

( 𝜕𝜌𝑓𝑤𝑓

𝜕𝑧

)𝑛

(21)

𝜌𝑛+1𝑓 𝛼𝑛+1𝑓 − 𝜌𝑛𝑓𝛼
∗∗
𝑓

𝛥𝑡
= −𝛼∗𝑓

(

1
𝑟
𝜕𝑟𝜌𝑓 𝑢𝑓

𝜕𝑟
+

𝜕𝜌𝑓𝑤𝑓

𝜕𝑧

)𝑛

(22)

Here, the source terms in Eqs. (20) and (21) preserves the invariance of 𝛼𝑓  in single-phase regions(𝛼𝑓 = 1∪ 0) [27]. The volumetric 
flux at the cell faces, which appears as the advection terms in Eqs. (20) and (21), corresponds to the volume swept by the interface 
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during 𝛥𝑡 in each coordinate direction. This swept volume is explicitly determined from the interfacial normal 𝐧𝑓  and the distance 
𝑠𝑓  from a vertex to the interface [27], as illustrated in Fig.  1(a). The variables 𝐧𝑓  and 𝑠𝑓  take the following functional forms: 

𝐧𝑓 =
∇𝜙𝑓

|∇𝜙𝑓 |
(23)

𝑠𝑛𝑓 = 𝑓 (𝜙𝑛
𝑓 , 𝛼

𝑛
𝑓 ); 𝑠∗𝑓 = 𝑓 (𝜙∗

𝑓 , 𝛼
∗
𝑓 ) (24)

Here, the distance 𝑠𝑓  explicitly determines the volumetric flux together with the interfacial normal 𝐧𝑓 , requiring almost no 
iteration [27]. Further details of the formulation used to evaluate the volumetric flux and 𝑠𝑓  can be found in our previous 
studies [27]. The advection equation of 𝜙𝑓  in Eqs. (23)–(24) is directionally decomposed and advanced in conjunction with Eqs. (20) 
and (21) as follows: 

𝜙∗
𝑓 − 𝜙𝑛

𝑓

𝛥𝑡
+

𝑢𝑛𝑓
𝑟

𝜕𝑟𝜙𝑛
𝑓

𝜕𝑟
= 0 (25)

𝜙∗∗
𝑓 − 𝜙∗

𝑓

𝛥𝑡
+𝑤𝑛

𝑓

𝜕𝜙∗
𝑓

𝜕𝑧
= 0 (26)

Here, the convective terms in Eqs. (25) and (26) were spatially discretized through a second-order finite-volume formulation that 
possesses the total variation diminishing (TVD) property with the monotonized central (MC) flux limiter [38,39]. Since the advected 
𝜙𝑓  generally loses its signed-distance property, 𝜙𝑓  was reinitialized to restore its distance-field character based on the reconstructed 
interface, as follows: 

𝜙𝑛+1
𝑓 = 𝑠∗∗𝑓 − 1

2
𝑠∗∗𝑓,𝑚𝑎𝑥 if 0 < 𝛼𝑛+1𝑓 < 1 (27)

𝜕𝜙𝑓

𝜕𝜏∗
= 𝑆(𝜙𝑓 )(1 − |∇𝜙𝑓 |) (28)

where 
𝑠∗∗𝑓 = 𝑓 (𝜙∗∗

𝑓 , 𝛼𝑛+1𝑓 ) (29)

𝑠∗∗𝑓,𝑚𝑎𝑥 = 𝛥𝑟|𝑛∗∗𝑓,𝑟| + 𝛥𝑧|𝑛∗∗𝑓,𝑧| (30)

𝑆(𝜙𝑓 ) = 0 if |𝜙𝑓 | ≤
ℎ
2

(31)

= 𝜙𝑓∕
√

𝜙2
𝑓 + ℎ2 if |𝜙𝑓 | >

ℎ
2

Here, 𝜙𝑓  in the vicinity of the interface (0 < 𝛼𝑛+1𝑓 < 1), was first reinitialized directly from the geometric relation in Eq. (27), as 
shown in Fig.  1(a). The LS function 𝜙𝑓  was then reinitialized iteratively solving Eq. (28) with an artificial time step 𝜏∗. The signed 
function 𝑆(𝜙𝑓 ) was introduced to improve volume conservation by fixing 𝜙𝑓  near the interface (|𝜙𝑛+1

𝑓 | ≤ ℎ∕2) [26].

2.4. Discretization of the conservation equations

A staggered mesh configuration was employed for the spatial discretization. The convective fluxes were evaluated through a 
second-order TVD scheme with the monotonized central (MC) flux limiter [38], whereas the diffusive fluxes were approximated by 
a second-order central differencing. Temporal integration was performed in a fractional-step manner. 

𝜌𝑛+1
(

𝐮∗ − 𝐮𝑛𝑓
𝛥𝑡

+ 𝐮𝑛𝑓∇𝐮
𝑛
𝑓

)

= −(∇𝑝 + 𝜎𝜅𝑙∇𝐻𝑏)𝑛 + ∇ ⋅ 𝜇𝑛+1∇𝐮∗ + 𝜌𝑛+1𝐠 + 𝐟𝑛 + ∇ ⋅ 𝛼𝑠𝝉𝑒 (32)

𝐮𝑛+1 = 𝐮∗ − 𝛥𝑡
𝜌𝑛+1

[

(∇𝑝 + 𝜎𝜅𝑙∇𝐻𝑏)𝑛+1 − (∇𝑝 + 𝜎𝜅𝑙∇𝐻𝑏)𝑛
]

(33)

∇ ⋅ 𝐮𝑛+1 = −
𝐻𝑓

𝜌𝑓 𝑎2𝑓

𝑝𝑛+1 − 𝑝∗𝑓
𝛥𝑡

(34)

where 
𝜌𝑛+1 = 𝜌(𝜌𝑛+1𝑓 , 𝛼𝑛+1𝑓 ); 𝜇𝑛+1 = 𝜇(𝜇𝑓 , 𝛼𝑛+1𝑓 ); (35)

𝐟 = ∇ ⋅ 𝜇
[

(∇𝐮)𝑇 − 2
3
(∇ ⋅ 𝐮)𝐈

]

(36)

𝑝∗𝑓 = 𝑝𝑓 (𝜌𝑛+1𝑓 ) (37)

Here, the density 𝜌𝑛+1 in Eqs. (32) and (33) was obtained by spatial linear interpolation using Eq. (35), based on 𝜌𝑛+1𝑓  advanced 
by Eq. (19), and the weighted combination of the phase densities as given in Eq. (11). The momentum equation is discretized in 
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a non-conservative form to alleviate numerical instabilities associated with abrupt density variations near the interface. Similar 
approaches have also been employed in previous numerical studies of compressible multiphase flows [40–43]. In Eq. (33), the 
pressure 𝑝𝑛+1 used to correct 𝐮∗ was calculated from Eq. (34), where the intermediate pressure 𝑝∗𝑓  was obtained from Eq. (37) 
using 𝜌𝑛+1𝑓 . This semi-implicit pressure-correction procedure has been widely employed in previous numerical studies to alleviate 
the acoustic time-step restriction in weakly compressible media under ultrasonic excitation [7,26,44,45]. Eq. (34) is obtained from 
the phase-wise continuity equation combined with the corresponding equation of state under the sharp-interface assumption. The 
velocity divergence is related to the pressure variation through the phase-dependent sound speed 𝑎𝑓 , where 𝑎2𝑓 = 𝜕𝑝𝑓∕𝜕𝜌𝑓 . The 
resulting formulation is generic and applicable to all phases, while the specific equation of state differs for each phase. The pressure 
𝑝∗𝑓  was evaluated using the VDW and Tait equations, expressed by Eqs. (1) and (3), respectively.

2.5. Detailed discretization of 𝐁

The transport Eq. (16) with 𝐁̃ = 𝐁 − 𝐈 was temporally discretized as follows [35,36]: 
𝐁̃𝑛+1 − 𝐁̃𝑛

𝛥𝑡
+ 𝐮𝑛 ⋅ ∇𝐁̃𝑛 = (∇𝐮𝑛)𝑇 ⋅ 𝐁̃𝑛 + 𝐁̃𝑛 ⋅ (∇𝐮𝑛) + (∇𝐮𝑛)𝑇 + (∇𝐮𝑛) (38)

For the axisymmetric coordinate system, 
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( 𝜕𝑢
𝜕𝑟

)𝑛
+ 2𝐵̃𝑛

𝑟𝑧

( 𝜕𝑢
𝜕𝑧

)𝑛
+ 2

( 𝜕𝑢
𝜕𝑟

)𝑛
(39)

𝐵̃𝑛+1
𝑟𝑧 − 𝐵̃𝑛

𝑟𝑧
𝛥𝑡

+ 𝑢𝑛
𝐵̃𝑛
𝑟𝑧
𝜕𝑟

+𝑤𝑛 𝐵̃
𝑛
𝑟𝑧
𝜕𝑧

= 𝐵̃𝑛
𝑟𝑟

( 𝜕𝑤
𝜕𝑟

)𝑛
+ 𝐵̃𝑛

𝑧𝑧

( 𝜕𝑢
𝜕𝑧

)𝑛
+
(

𝜕𝑤
𝜕𝑟

+ 𝜕𝑢
𝜕𝑦

)𝑛
(40)

𝐵̃𝑛+1
𝑧𝑧 − 𝐵̃𝑛

𝑧𝑧
𝛥𝑡

+ 𝑢𝑛
𝐵̃𝑛
𝑧𝑧
𝜕𝑟

+𝑤𝑛 𝐵̃
𝑛
𝑧𝑧
𝜕𝑧

= 2𝐵̃𝑛
𝑧𝑧

( 𝜕𝑤
𝜕𝑧

)𝑛
+ 2𝐵̃𝑛

𝑟𝑧

( 𝜕𝑤
𝜕𝑟

)𝑛
+ 2

( 𝜕𝑤
𝜕𝑧

)𝑛
(41)

𝐵̃𝑛+1
𝜃𝜃 − 𝐵̃𝑛

𝜃𝜃
𝛥𝑡

+ 𝑢𝑛
𝐵̃𝑛
𝜃𝜃
𝜕𝑟

+𝑤𝑛
𝐵̃𝑛
𝜃𝜃
𝜕𝑧

= 2
( 𝑢
𝑟

)𝑛
(

𝐵̃𝑛
𝜃𝜃 + 1

)

(42)

Here, 𝐵̃𝑟𝑧 denotes the off-diagonal component located at (𝑖+1∕2, 𝑘+1∕2), whereas the diagonal components 𝐵̃𝑟𝑟∕𝑧𝑧∕𝜃𝜃 are positioned at 
(𝑖, 𝑗), as illustrated in Fig.  1(b). An additional diagonal component 𝐵𝜃𝜃 and its transport Eq. (42) are required under the axisymmetric 
coordinate system, which are absent in the 2D Cartesian coordinate system. Using the updated 𝐁̃, the elastic stress terms ∇ ⋅ 𝝉𝑒 in 
the Eq. (32) is spatially discretized for axisymmetric coordinates as: 

(∇ ⋅ 𝝉𝑒)𝑟 = 𝐺
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Here, no extra interpolation was required owing to the staggered definition of the deformation tensor components [36], as illustrated 
in Fig.  1(b). Note that, in Eq. (43), the elastic stress effects can become significant near the axis due to the denominator 𝑟 in the 
term (𝐵̃𝜃𝜃∕𝑟)𝑖−1∕2,𝑘.

3. Results and discussion

3.1. Verification of the CLSVOF approach

3.1.1. Bubble rising problem
To verify the present numerical model for two-phase flow, a rising bubble test was performed and compared with previous 

numerical results [46] and the commercial software FLUENT, as shown in Fig.  2. The computational setup followed the benchmark 
conditions reported in Ref. [46]. Once released, the initially stationary bubble began to rise from its center at 𝑡 = 1.25 s, and 
subsequently deformed into a crescent shape at 𝑡 = 2.50 s. Strong surface-tension effects near the bubble edges, where the curvature 
is large, drew the interface inward toward the middle region at 𝑡 = 3.75 s. The rising bubble exhibited highly unsteady and oscillatory 
motion, gradually settling into a cap shape at 𝑡 = 8.75 s. As it continues to rise, the bubble became increasingly flattened and widened, 
forming a thin liquid film over its upper surface at 𝑡 = 9.75 s until the film eventually ruptures.

The CLSVOF computations exhibited close consistency with FLUENT simulations employing a geometric PLIC–VOF scheme, as 
well as with data reported in Ref. [46]. The time-dependent behavior of the top-most bubble position 𝑦𝑏,𝑡𝑜𝑝 also follows the same 
trend as the results from FLUENT and Ref. [46] throughout the rising process, as shown in Fig.  2(b). These results demonstrate that 
our current scheme can successfully capture the dynamic behavior of bubbles.
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Fig. 2. Comparison of (a) bubble shapes and (b) top-surface positions of a rising bubble with the results of Rudman [46] and the commercial 
software. The inset in the lower right corner of (b) highlights the close agreement between the present numerical results and Rudman’s solution.

3.1.2. Solid deformation in a lid-driven cavity
To verify the present CLSVOF framework for solid deformation, numerical simulations were performed for a compliant disk 

confined in a cavity with a movable top lid, a configuration commonly used in previous studies [22,28,47] employing either 
Lagrangian or Eulerian frameworks, as shown in Fig.  3. A neo-Hookean solid disk of radius 0.2 m was initially placed at the center 
(0.6, 0.5) m of a 2D cavity (0 ≤ 𝑥 ≤ 1 m ∩ 0 ≤ 𝑦 ≤ 1 m) under stress-free conditions. The top lid moved in the 𝑥-direction at 1 m∕s, 
while the remaining walls were stationary. The physical properties of the solid and fluid phases were set to 𝜌𝑠 = 𝜌𝑓 = 1 kg∕m3, 
𝜇𝑠 = 𝜇𝑓 = 0.01 Pa s, and 𝐺 = 0.1 Pa or 10 Pa.

Fig.  3 presents the deformation behavior of the solid disk at three different grid resolutions (ℎ = 1∕100, 1∕200, and 1∕400 m). As 
the cavity flow developed with the motion of the top lid, the disks were advected along the flow field. The disk with 𝐺 = 0.1 Pa
underwent significant deformation under hydrodynamic traction, as shown in Fig.  3(a), and experienced the largest strain when 
approaching the cavity wall at 𝑡 = 4.69 μs, while avoiding overlap with the wall owing to the soft lubrication effect [28].

In contrast, the stiffer disk with 𝐺 = 10 Pa retained an almost circular shape, as illustrated in Fig.  3(b), due to the relatively low 
hydrodynamic traction. The deformation patterns obtained for the two shear moduli show close agreement with the results reported 
by Zhao et al. [22], exhibiting little sensitivity to grid resolution.

3.1.3. Droplet equilibrium on surfaces under prescribed contact angle conditions
The present CLSVOF method was applied to simulate droplet equilibrium on surface boundaries with a constant contact angle 

condition. The simulations employed the material properties of a water–air system. All computations were carried out under zero-
gravity conditions using a uniform grid with a spacing of ℎ = 𝑅𝑑𝑜∕20, where 𝑅𝑑𝑜 denotes the initial droplet radius. The following 
condition was applied at the bottom wall or along the cylindrical solid surface: 

𝐜𝑑 ⋅
∇𝜙𝑑
|∇𝜙𝑑 |

= 0 (45)

where 

𝐜 = 𝐧 sin 𝜃 + 𝐭 cos 𝜃 (46)
𝑑 𝑤∕𝑠 𝑐 𝑤∕𝑠 𝑐
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Fig. 3. Disk deformation in a lid-driven cavity for (a) 𝐺 = 0.1 Pa and (b) 𝐺 = 10 Pa, obtained with different mesh resolutions.

𝐭𝑤∕𝑠 =
𝐧𝑤∕𝑠 × 𝐚
|𝐧𝑤∕𝑠 × 𝐚|

; 𝐚 = 𝐧𝑤∕𝑠 × ∇𝜙𝑑 (47)

where 𝜙𝑑 represents the LS field employed for capturing the droplet surface; 𝐜𝑑 denotes the tangential vector at the droplet surface; 
𝐧𝑤∕𝑠 and 𝐭𝑤∕𝑠 represent the normal and tangential vectors along the wall or curved solid boundary, respectively; and 𝜃𝑐 is the 
prescribed contact angle, ranging from 30o to 150o.

Fig.  4 compares the numerical results for droplet spreading on a wall boundary in an axisymmetric configuration with the 
corresponding analytical solution. The droplet interface reaches an equilibrium state when surface tension and wall adhesion forces 
are balanced, forming a truncated spherical that satisfies the following geometric relation [48]: 

𝑅𝑐 = 𝑅𝑑 sin 𝜃𝑐 ; ℎ𝑑 = 𝑅𝑑 (1 − cos 𝜃𝑐 ) (48)

𝑅𝑑 = 𝑅𝑑𝑜

(

4
(1 − cos 𝜃𝑐 )(1 + sin2 𝜃𝑐 − cos 𝜃𝑐 )

)1∕3

(49)

where 𝑅𝑑 , ℎ𝑑 , and 𝑅𝑐 denote the radius of curvature, droplet height, and contact radius corresponding to the equilibrium interfacial 
configuration, respectively, while the analytical spherical cap is centered at (0, ℎ𝑑 − 𝑅𝑑). The numerical and analytical profiles for 
𝜃𝑐 = 30o, 90o, and 150o exhibit very close agreement, as illustrated in Fig.  4(a). The normalized droplet height ℎ𝑑∕𝑅𝑑𝑜 and contact 
radius 𝑅𝑐∕𝑅𝑑𝑜 are also compared with the analytical solution and with data from a previous study [48], as plotted in Fig.  4(b)–(c). 
These results demonstrate that the present model accurately predicts the equilibrium interface even under highly hydrophilic and 
hydrophobic wall conditions.

Fig.  5 compares the numerical results for droplet equilibrium on an immersed cylindrical solid with the exact analytical solution. 
The exact solution is expressed in terms of the equilibrium droplet radius 𝑅𝑑 and the angles 𝛽1 (or 𝛽2), as illustrated in Fig.  5(a). 
These parameters are iteratively determined from the following geometrically derived nonlinear equations: 

𝑅𝑑 =

√

𝜋𝑅2
𝑑𝑜 + 𝑅2

𝑠 (𝛽2 − sin 𝛽2 cos 𝛽2)
𝜋 − (𝛽1 − sin 𝛽1 cos 𝛽1)

(50)

tan 𝛽1 =
𝑅𝑠 sin(𝜋 − 𝜃𝑐 )

𝑅𝑑 + 𝑅𝑠 cos(𝜋 − 𝜃𝑐 )
; 𝛽1 + 𝛽2 = 𝜋 − 𝜃𝑐 (51)

Here, 𝑅𝑠 denotes the radius of the cylindrical solid, and the equilibrium droplet resides at 𝑧 = 𝑧𝑠𝑐 + 𝑅𝑑 cos 𝛽1 + 𝑅𝑠 cos 𝛽2, where 𝑧𝑠𝑐
is the vertical coordinate of the cylinder center. The two-dimensional droplet adhering to the circular cylinder becomes stationary 
after an initial oscillatory period due to viscous damping, and eventually converges to a truncated circular shape constrained by the 
solid surface, as illustrated in Fig.  5(b). Corresponding numerical predictions for the steady-state droplet interface show excellent 
agreement with the exact solutions even at 𝜃𝑐 = 30o and 150o. These results confirm that the present numerical formulation can 
accurately maintain the prescribed contact angle on both highly hydrophilic and highly hydrophobic solid surfaces.

3.1.4. Impact of a cell-laden droplet on a liquid pool
For verification of the proposed CLSVOF approach in multiphase flow problems, simulations were performed for a droplet 

containing a solid particle impacting a liquid water pool. The results were compared with those reported in a previous study [47], 
139 



J. Park and G. Son Mathematics and Computers in Simulation 250 (2026) 132–151 
Fig. 4. Steady-state droplet on a flat surface: (a) equilibrium interfaces for 𝜃𝑐 = 30o, 90o, 150o; (b) normalized droplet height ℎ𝑑∕𝑅𝑑𝑜; and (c) 
normalized contact radius 𝑅𝑐∕𝑅𝑑𝑜. The solid black line represents the analytical solution for the droplet height and contact radius.

Fig. 5. Equilibrium interfacial shapes of droplets adhering to a cylindrical solid with contact angle 𝜃𝑐 : (a) schematic illustration and (b) numerical 
results for 𝜃𝑐 = 30o, 90o, and 150o.

as depicted in Fig.  6. The fluid properties correspond to a water–air system, while the immersed neo-Hookean solid sphere was 
modeled with 𝐺 = 10 kPa, 𝜇𝑠 = 𝜇𝑤, and 𝜌𝑠 = 𝜌𝑤. The simulation was performed assuming axisymmetry, employing a uniform grid 
with a spatial resolution of ℎ = 0.5 μm within the computational domain (0, 0) ≤ (𝑟, 𝑧) ≤ (80, 180) μm.

The initial droplet, with a radius of 𝑅𝑑𝑜 = 30 μm, was positioned in contact with the liquid pool at a height equal to 𝑅𝑑𝑜 above 
the pool surface, while a deformable solid sphere of radius 𝑅𝑠𝑜 = 0.5𝑅𝑑𝑜 was embedded inside the droplet. At the beginning of 
the simulation, the droplet merged with the pool surface, and surface tension induced a radial contraction that compressed the 
immersed elastic solid, as shown at 𝑡 = 9.21 μs. The resulting capillary pressure drove a rapid downward motion of the solid, as 
observed at 𝑡 = 23.38 μs.

After being released into the liquid pool, the solid sphere recovered its nearly spherical shape due to elastic restoration, while 
the surrounding liquid formed an elongated column along the 𝑧-axis. As the liquid column collapsed, it exerted a compressive force 
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Fig. 6. Temporal evolution of air–water and water–solid interfaces during the coalescence of a cell-laden droplet with a liquid water pool. The 
black lines indicate the interfacial contours reported in Ref. [47], obtained using a Lagrangian mesh for the solid cell.

on the top surface of the solid, leading to further downward motion, as illustrated for 32.82 μs ≤ 𝑡 ≤ 42.27 μs. Subsequently, the solid 
continued to descend due to inertia and gradually returned to an equilibrium configuration at 𝑡 = 67.07 μs. The overall dynamics 
of the air–water interface and the elastic cell show good agreement well the interfacial configurations reported in Ref. [47], where 
the solid deformation was computed using the ZFM method [22] on a Lagrangian mesh.

3.2. Compressible two-phase flow in ultrasonic fields

A stationary spherical air bubble immersed in quiescent water was simulated under axisymmetric conditions at 𝑝∞ = 1 atm and 
𝑇∞ = 20 oC. The material properties of air and water were set as: 𝜎 = 0.073 kg∕s2, 𝛱𝑙 = 3.31 × 108 Pa, 𝜇𝑙 = 10−3 Pa s, 𝜇𝑏 = 10−5 Pa s, 
𝜌𝑙,∞ = 998 kg∕m3, 𝜌𝑏,∞ = 1.23 kg∕m3.

A microbubble with an initial radius 𝑅𝑏𝑜 = 1 μm was placed more than 5890𝑅𝑏𝑜 away from both the radial and bottom boundaries 
to minimize the influence of reflected pressure waves, following the setup of our previous study [26]. To impose the ultrasonic 
excitation, the upper boundary located 500𝑅𝑏𝑜 above the bubble surface was prescribed with a pressure condition, expressed as 
follows: 

𝑝𝑢 = 𝑝∞ + 𝑃𝑢 sin(2𝜋𝑓𝑢𝑡) if 𝑓𝑢𝑡 ≤ 1 (52)

where 𝑃𝑢 and 𝑓𝑢 denote the pulse amplitude and frequency, respectively. The same ultrasonic conditions, 𝑃𝑢 = 0.3MPa and 
𝑓𝑢 = 1MHz, were applied to all simulation cases.

3.2.1. Ultrasound-driven single bubble motion
The proposed CLSVOF method was first applied in the analysis of a single air bubble subjected to an ultrasonic field. The resulting 

velocity and pressure fields in the surrounding liquid are presented in Fig.  7. The initially stationary bubble began to expand after 
𝑡 > 0.32 μs, when the acoustic wave propagated through the surrounding water and reached the bubble. As the bubble grew during 
the negative-pressure phase, a radially expanding liquid flow developed around it, as observed at 𝑡 = 0.57 μs. When the ultrasonic 
wave entered the compression phase (𝑡 > 0.82 μs), the bubble, driven by liquid inertia, kept enlarging until it attained the maximum 
size at 𝑡 = 0.92 μs, followed by a subsequent collapse.

During the collapse stage, a sink flow formed around the bubble, directed toward its center, resulting in elevated pressure in 
the surrounding liquid, as shown at 𝑡 = 1.133 μm, which was also observed in previous numerical studies [49]. A slight asymmetry 
near the bubble surface induced a non-spherical collapse, emitting a shock wave and driving the bubble downward as it neared its 
minimum size, as illustrated at 𝑡 = 1.137 μs. This behavior is consistent with earlier findings [16], which demonstrated that spatial 
141 



J. Park and G. Son Mathematics and Computers in Simulation 250 (2026) 132–151 
Fig. 7. Liquid velocity (left) and pressure (right) fields associated with ultrasonic bubble motion at 𝑃𝑢 = 0.3 MPa and 𝑓𝑢 = 1 MHz. The white 
region denotes the bubble interior.

variations in pressure and the propagation characteristics of the acoustic field strongly influence the development of non-spherical 
bubble dynamics, even when solid boundaries are absent.

However, the degree of asymmetry in the present flow field was insufficient to generate a strong liquid jet. Consequently, the 
bubble re-expanded into a mildly non-spherical shape without fragmentation, as observed at 𝑡 = 1.139 μs. After re-expansion, the 
bubble gradually relaxed toward a spherical equilibrium state through a few oscillations driven by viscous damping and surface 
tension.

To evaluate the validity of the present CLSVOF formulation for compressible two-phase flow simulations, Fig.  8 compares 
the current results with those obtained using the commercial software FLUENT and with the numerical predictions from the 
corresponding KM equation [26]: 

(
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)
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3
2
𝑅̇𝑏

2
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+
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)

(𝑝𝑙 + 𝑝𝑢) (53)

where 

𝑝𝑙 = 𝑝𝑏 − 2𝜎𝑏∕𝑅𝑏 − 4𝜇𝑙𝑅̇𝑏∕𝑅𝑏 (54)

Here, the bubble pressure 𝑝𝑏 was evaluated using Eq. (1) together with the bubble mass relation 𝜌𝑏 = 𝜌𝑏𝑜(𝑅𝑏𝑜∕𝑅𝑏)3, while the 
liquid sound speed 𝑎𝑙 was obtained from Eq. (5). The commercial software employed a geometric PLIC-VOF method based on a 
pressure-based PISO solver. To ensure positive pressure within the bubble and to mitigate potential numerical instabilities arising 
from large temporal pressure variations, several numerical treatments were applied following the approach of Koch et al. [9]: 

𝑝̃𝑏 = min(𝑝𝑏, 𝑝min) (55)

𝑎̃𝑏 =
(

𝛼𝑏∕𝑎2𝑏 + (1 − 𝛼𝑏)∕𝑎2𝑙,∞
)−0.5

(56)

𝜌̃𝑏 = 𝜌𝑏(𝑡) =
∫𝑉 𝜌𝑏(𝐱, 𝑡)𝑟𝑑𝑉

∫𝑉 𝑟𝑑𝑉
(57)

Here, 𝑝̃𝑏 is used to evaluate 𝜌𝑏; 𝑝𝑚𝑖𝑛 denotes the cut-off minimum pressure; 𝑎̃𝑏 is the modified sound speed; 𝑎𝑙,∞ = 1544m∕s; 
𝜌̃𝑏 represents the averaged bubble density defined in the liquid region adjacent to the bubble liquid–gas interface; and 𝑝𝑚𝑖𝑛 is a 
predefined artificial constant.
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Fig. 8. Single-bubble growth and collapse in ultrasonic fields, compared with the results obtained from the Keller–Miksis equation and a 
commercial software: (a) bubble-averaged radius 𝑅𝑏 and (b) normalized mass variation 𝑚𝑏∕𝑚𝑏𝑜 − 1.

A comparison was made between the time-dependent averaged bubble radius 𝑅𝑏, and the numerical results obtained from the 
KM equation as well as those from the commercial software for various values of 𝑝min = 2.3 kPa, 0.23 kPa, and 0.023 kPa, as shown in 
Fig.  8(a). During the initial growth–collapse cycle, the present CLSVOF predictions show excellent agreement with the KM solution, 
owing to the nearly spherical shape of the bubble throughout its motion, as illustrated in Fig.  7.

The agreement between the present results and the KM solution can be reasonably attributed to the fundamental assumptions 
of the KM equation, which characterizes spherically symmetric bubble motion within a compressible medium driven by a plane 
pressure wave. The results obtained from the commercial software at 𝑝min = 0.023 kPa also show good agreement with those from 
the present method up to the first bubble collapse. However, as shown in Fig.  8(b), the commercial software exhibited a slight but 
continuous violation of mass conservation during bubble growth, even before the first collapse. In contrast, the present CLSVOF 
results showed negligible normalized mass loss (𝑚𝑏∕𝑚𝑏𝑜 − 1) throughout the entire process; even after bubble collapse, the total 
mass deviation remained below 1% of the initial mass. The present results verify the capability of the proposed CLSVOF method to 
accurately resolve compressible bubble dynamics under ultrasonic excitation.

3.2.2. Ultrasound-driven bubble-bubble interaction
Simulations were performed to investigate two-bubble dynamics under ultrasonic excitation using the present numerical model. 

Fig.  9 illustrates the response of two identical bubbles (𝑅𝑏𝑜1 = 𝑅𝑏𝑜2 = 1μm) positioned at (0,±7 μm) with a surface-to-surface distance 
of 𝑙𝑏𝑏 = 12 μm. When the negative pressure pulse reaches the bubbles (𝑡 > 0.32 μm), both begin to expand, inducing outward radial 
flow in the surrounding liquid. As both bubbles expand to nearly equal sizes at approximately the same time, symmetric liquid 
streamlines develop about the centerline (𝑧 = 0 μm), as shown at 𝑡 = 0.740 μs.

A mirror-like symmetry forms between the two bubbles, consistent with the numerical findings of a previous study [50] which 
analyzed two-bubble dynamics at high Reynolds numbers using the boundary element method (BEM). Even after the negative 
pressure phase passes, both continue to grow slightly due to the inertial effect of the surrounding water until 𝑡 = 0.930 μs, when the 
upper bubble (bubble 1) begins to contract earlier than the lower one (bubble 2). During the contraction phase, mutual attractive 
interaction arises near the facing surfaces, generating symmetric liquid streamlines, generating symmetric liquid streamlines, as 
observed at 𝑡 = 1.020 μs. As bubble 1 contracts more rapidly, the strong sink flow that develops around it gradually breaks the 
flow symmetry, as seen at 𝑡 = 1.140 μs. Following the collapse of bubble 1, bubble 2 undergoes rapid contraction and subsequent 
collapse between 1.150 μs ≤ 𝑡 ≤ 1.160 μs, producing counter-directed liquid jets in the region between the two bubbles, as shown at 
𝑡 = 1.179 μs. These alternating attractive and repulsive interactions throughout the entire process generate a mirror-like flow field, 
suggesting a close analogy between ultrasound-driven two-bubble dynamics and single-bubble–wall interactions.

Time evolutions of 𝑅𝑏, the averaged bubble internal pressure 𝑝𝑏,𝑎𝑣, and the normalized mass loss 𝑚𝑏∕𝑚𝑏𝑜 − 1 associated with the 
two-bubble dynamics under ultrasonic excitation are presented in Fig.  10. In comparison with the case of an isolated oscillating 
bubble, evolution of 𝑅𝑏 of bubble 1 exhibits behavior similar to that of a bubble positioned adjacent to a rigid boundary, driven by 
an acoustic pulse of 𝑃𝑢 = 0.15MPa and 𝑓𝑢 MHz, with a bubble–wall distance of 𝑙𝑤 = 𝑙𝑏𝑏∕2 = 6 μm.

When a reflected pulse from a rigid wall overlaps in phase with the incident pulse, the resulting pressure amplitude nearly 
doubles due to constructive interference. This similarity between the two-bubble and bubble–wall interactions arises from a virtual 
rigid-wall effect generated near the midpoint between the two bubbles by the symmetric liquid streamlines, as observed in Fig.  9. 
This observation agrees with the theoretical explanation provided in Ref. [51], which interprets the wall–bubble system in terms of 
a mirror-image analogy, where the real bubble behaves as if coupled with its in-phase reflection.

Although the maximum radius 𝑅𝑏,𝑚𝑎𝑥 is nearly identical for the two-bubble and bubble–wall configurations, the freely oscillating 
bubble reaches 𝑅𝑏,𝑚𝑎𝑥 = 4.50 μm at 𝑡 = 0.918 μm, which is about 6.4% larger than that obtained for the two-bubble configuration, 
as shown in Fig.  10(a). Because the smaller 𝑅  in the two-bubble system leads to a weaker collapse, a similar tendency appears 
𝑏,𝑚𝑎𝑥
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Fig. 9. Liquid velocity (left) and pressure (right) fields with streamlines associated with two-bubble motion at 𝑃𝑢 = 0.3 MPa and 𝑓𝑢 = 1 MHz. 
The white regions denote the bubble interiors.

in the time evolution of 𝑝𝑏,𝑎𝑣, as illustrated in Fig.  10(b). During the collapse phase, the peak value of 𝑝𝑏,𝑎𝑣 for bubble 1 is lower 
by about 2 orders of magnitude compared with that of a freely oscillating bubble, and is even smaller than that of a bubble near a 
wall.

These results demonstrate that the collapse intensity in two-bubble dynamics is significantly reduced compared with that of 
a single freely oscillating bubble, implying that the virtual rigid-wall effect between the two bubbles cannot fully reproduce the 
behavior of an actual immobile wall. Similar to bubble 1, bubble 2 exhibits comparable oscillatory behavior [Fig.  10(c)], although 
its 𝑅𝑏 is slightly phase-shifted and 𝑅𝑏,𝑚𝑎𝑥 is about 0.5% larger than that of bubble 1, consistent with the numerical findings reported 
in Ref. [52].

The collapse intensity associated with each 𝑅𝑏,𝑚𝑎𝑥 also affects the mass loss, as plotted in Fig.  10(d). For a bubble undergoing 
free oscillation, which attains the largest 𝑅𝑏,𝑚𝑎𝑥, a mass loss exceeding 0.5% is observed. In contrast, the two-bubble case exhibits 
smaller mass losses of approximately 0.04% and 0.12% for bubble 1 and 2, respectively, due to their weaker collapse intensity. 
Considering that the mass loss remains negligible during the entire bubble growth period, the present CLSVOF method can be 
regarded as maintaining excellent mass conservation even during the collapse stage.

3.3. Compressible multiphase flow including solid deformation

3.3.1. Ultrasound-driven bubble motion near a spherical solid cell
The compressible CLSVOF approach developed in this study was utilized to compute the coupled dynamics between an air bubble 

and a deformable solid cell in water. The physical properties were identical to those described in Section 3.2. As commonly assumed 
in many biological systems, the solid cell with an initial radius 𝑅𝑐𝑜 = 5𝑅𝑏𝑜 = 5 μm was considered to have the same properties as 
water [22,53], i.e., 𝜇𝑠 = 𝜇𝑙, 𝛱𝑠 = 𝛱𝑙, 𝛾𝑠 = 𝛾𝑙.

The simulations were conducted under axisymmetric conditions within the computational domain defined by 𝑟 ≤ 𝑅𝑑 =
5897 μm ∩ 𝑧𝑑,𝑏 = −5903 μm ≤ 𝑧 ≤ 𝑧𝑑,𝑦 = 508 μm, as illustrated in Fig.  11(a). A fine uniform mesh with a cell size of ℎ = 0.1 μm was 
applied near the bubble and the solid tissue (𝑟 ≤ 19.2𝑅𝑏𝑜 and −25.6𝑅𝑏𝑜 ≤ 𝑦 ≤ 19.2𝑅𝑏𝑜), while a coarser non-uniform grid was used 
in the outer regions.

At the start of the simulation, the solid cell was placed along the z-axis with its centroid located at 𝑧 = −7 μm, and a spherical air 
bubble was positioned at 𝑧 = −7 μm+𝑅𝑐𝑜+𝑅𝑏𝑜+ 𝑙𝑏𝑐𝑜 along the same axis. Here, 𝑙𝑏𝑐𝑜 denotes the initial bubble–cell surface-to-surface 
distance along the central axis, which was treated as a variable parameter. It should be noted that the elastic shear modulus range 
considered in this study, 𝐺 = 0.01MPa ∼ 10MPa, was selected to cover a broad range of stiffnesses relevant to biological and 
tissue-mimicking materials [54–56].
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Fig. 10. Two-bubble dynamics in ultrasonic fields compared with those of a single free bubble and a single bubble near a wall: (a) averaged 
bubble radius 𝑅𝑏; (b) averaged bubble internal pressure 𝑝𝑏,𝑎𝑣; and (c) normalized mass variation 𝑚𝑏∕𝑚𝑏𝑜 − 1.

Fig.  11(b)–(c) present the evolution of bubble growth and collapse, along with the corresponding liquid velocity and pressure 
fields, for 𝑙𝑏𝑐𝑜 = 7 μm and 𝐺 = 0.1MPa. When the incident pressure pulse reaches the bubble at 𝑡 > 0.32 μs, bubble expansion begins, 
generating a radially outward flow that exerts a compressive force on the nearby solid cell. Bubble expansion persists even after 
the ambient pressure rises above zero, pushing the adjacent cell outward, as observed at 𝑡 = 0.850 μs, until it attains its maximum 
radius at 𝑡 = 0.920 μs, consistent with previous numerical observations [53].

During the subsequent contraction phase, the deformed cell surface recovers due to elastic stresses, driving an upward motion 
of the surrounding water, as depicted at 𝑡 = 0.950 μs in Fig.  11(c). During bubble contraction, an inward sink flow emerges toward 
the bubble center, evident at 𝑡 = 1.130 μs, which causes local stretching of the upper cell surface. Because the bubble–cell separation 
is relatively large, the interaction remains weak, resulting in an almost symmetric flow field around the collapsing bubble at 
𝑡 = 1.135 μs.

This slight asymmetry in the flow is insufficient to produce a strong downward liquid jet during collapse and thus does not lead 
to the formation of a toroidal bubble, as illustrated at 𝑡 = 1.136 μs. The shock wave generated upon collapse propagates radially 
outward with diminishing intensity and reaches the cell surface at 𝑡 = 1.139 μs.

To examine the grid dependence of the present simulations, a grid refinement study was performed for the coupled bubble 
collapse and cell deformation problem, as shown in Fig.  12. Three grid resolutions, 𝛥𝑟 = 0.2 μm, 0.1 μm, and 0.05 μm, were considered 
under identical computational conditions. The time evolutions of the averaged bubble radius 𝑅𝑏 and cell deformation 𝐷𝑐 demonstrate 
that the results obtained with 𝛥𝑟 = 0.1 μm are in close agreement with those obtained using the finer grid of 𝛥𝑟 = 0.05 μm. In 
contrast, the coarser grid of 𝛥𝑟 = 0.2 μm exhibits slight deviations near the bubble collapse stage. The bubble and cell interface 
profiles during the first expansion–contraction cycle also show negligible differences between the 𝛥𝑟 = 0.1 μm and 0.05 μm cases. 
These results indicate that the grid resolution of 𝛥𝑟 = 0.1 μm used in the main simulations is sufficiently fine to accurately resolve 
the bubble collapse and the associated cell deformation.

In the present simulations, a time step of 𝛥𝑡 = 0.1 ns was employed, which satisfies the explicit time-step restrictions associated 
with surface tension and elastic shear effects. It should be noted that the explicit time-step restriction associated with the elastic 
shear modulus is proportional to (𝜌𝛥𝑟2∕𝐺)1∕2, indicating that smaller time steps are required for stiffer solids.

3.3.2. Effect of initial bubble surface-to-surface distance
Fig.  13 illustrate the liquid flow fields and bubble–cell dynamics under ultrasonic excitation for different initial surface-to-surface 

distances, 𝑙 = 5 μm and 3 μm. For 𝑙 = 5 μm, the expansion flow generated by bubble growth produces greater compressive 
𝑏𝑐𝑜 𝑏𝑐𝑜
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Fig. 11. Ultrasonic bubble motion near a spherical solid cell: (a) schematic of bubble motion and viscoelastic spherical solid deformation; and 
liquid velocity (left) and pressure (right) fields during (b) the bubble growth period and (c) the contraction and collapse periods, for 𝑃𝑢 = 0.3 MPa, 
𝑓𝑢 = 1 MHz, 𝐺 = 0.1 MPa, and 𝑙𝑏𝑐𝑜 = 7 μm. The inset in the lower-left corner of (a) illustrates the definition of the cell deformation 𝐷𝑐 along the 
central axis. The gray and white regions represent the tissue and bubble, respectively.

deformation of the nearby cell at 𝑡 = 0.840 μs and a faster elastic recovery at 𝑡 = 0.940 μs, compared with the 𝑙𝑏𝑐𝑜 = 7 μm case. During 
the subsequent contraction phase, the sink flow induced by the collapsing bubble enhances extensional deformation of the solid 
cell along the central axis, resulting in an elongated shape at 𝑡 = 1.130 μs. This demonstrates that a smaller separation distance 𝑙𝑏𝑐𝑜
reduces the resistance to momentum transfer from the bubble motion, thereby amplifying the cell’s dynamic response. As the bubble 
collapses, the annular inflow parallel to the cell surface becomes more pronounced at 𝑡 = 1.134 μs, leading to lateral deformation of 
the bubble. After collapse (𝑡 ≥ 1.139 μs), the slightly split bubble rapidly coalesces and re-expands.

When 𝑙𝑏𝑐𝑜 is further reduced to 3 μm, which is smaller than the maximum bubble expansion size (𝑙𝑏𝑐𝑜 < 𝑅𝑏,𝑚𝑎𝑥), bubble–cell 
interaction intensifies, as illustrated in Fig.  13(b). During bubble expansion, the separation distance progressively decreases, causing 
pronounced cell deformation and strong elastic restoring stresses at 𝑡 = 0.830 μs, while a thin liquid film develops beneath the 
expanding bubble. The thinning liquid film reaches its minimum thickness at 𝑡 = 0.940 μs, enhancing the transmission of repulsive 
forces and liquid momentum from the cell to the bubble surface. This strong coupling produces alternating attractive and repulsive 
interactions, leading to severe stretching of the cell and the formation of a droplet-like shape, as also observed in earlier numerical 
studies [57]. The bubble itself becomes axially elongated as the interaction strengthens.

The intensity of this interaction depends on 𝑙𝑏𝑐𝑜 and is most pronounced along the central axis due to the geometry of the spherical 
cell. Prior to collapse (𝑡 = 1.134 μs), the enhanced annular inflow causes the bubble to assume a mushroom-like shape, consistent 
with previous experimental and numerical observations [26,58]. The lateral inflow momentum is subsequently redirected along the 
axis after collapse, resulting in bubble splitting, as observed at 𝑡 = 1.139 μs. The annular inflow becomes increasingly dominant as 
the cell–bubble interaction strengthens.

The quantitative effects of 𝑙𝑏𝑐𝑜 on 𝑅𝑏, 𝑝𝑏,𝑎𝑣 and cell deformation 𝐷𝑐 are plotted in Fig.  14. Here, 𝐷𝑐 is defined as the axial 
displacement of the cell surface along the central axis (𝑟 = 0) from the equilibrium spherical position, as indicated by the dashed 
outline in the lower-left inset of Fig.  11(a), following the definition used in Ref. [53]. As 𝑙𝑏𝑐𝑜 decreases from 7 μm to 3 μm, 𝑅𝑏,𝑚𝑎𝑥
remains nearly unchanged. However, for 𝑙𝑏𝑐𝑜 = 3 μm, the maximum rebound bubble radius 𝑅𝑏,𝑚𝑎𝑥2 = 1.09 μm at 𝑡 = 1.196 μs is 
approximately 9.2% smaller than in the other cases, owing to increased viscous damping during rebound of the split bubble [13(b)].

For 𝑙𝑏𝑐𝑜 > 5 μm, 𝑅𝑏,𝑚𝑎𝑥 and 𝑅𝑏,𝑚𝑎𝑥2 show little variation, and similar trends appear in 𝑝𝑏,𝑎𝑣 [Fig.  14(b)]. While differences in 𝑅𝑏,𝑚𝑎𝑥
and 𝑝𝑏,𝑎𝑣 remain negligible up to the first collapse, cell deformation 𝐷𝑐 exhibits a marked dependence on 𝑙𝑏𝑐𝑜 [Fig.  14(c)]. As 𝑙𝑏𝑐𝑜
decreases from 7 μm to 5 μm, the first minimum deformation 𝐷  increases by approximately 76%, from −0.157 μm to −0.276 μm. 
𝑐,𝑚𝑖𝑛1
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Fig. 12. Grid refinement study for the coupled bubble collapse and cell deformation problem at 𝑃𝑢 = 0.3 MPa, 𝑓𝑢 = 1 MHz, 𝐺 = 0.1 MPa, and 
𝑙𝑏𝑐𝑜 = 7 μm: (a) time evolution of the averaged bubble radius 𝑅𝑏, (b) time evolution of the cell deformation 𝐷𝑐 , and (c) bubble (upper) and cell 
(lower) interface profiles during the first expansion–contraction cycle for 𝛥𝑟 = 0.2, 0.1, and 0.05 μm.

Fig. 13. Ultrasonic bubble motion near a spherical solid cell and the corresponding liquid velocity (left) and pressure (right) fields for (a) 
𝑙𝑏𝑐𝑜 = 5 μm and (b) 𝑙𝑏𝑐𝑜 = 3 μm The gray and white regions represent the tissue and bubble, respectively.
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Fig. 14. Effect of the initial surface-to-surface distance 𝑙𝑏𝑐𝑜 on bubble–cell interactions for 𝐺 = 0.1 MPa: (a) averaged bubble radius 𝑅𝑏; (b) 
averaged bubble internal pressure 𝑝𝑏,𝑎𝑣; and (c) cell deformation 𝐷𝑐 .

For 𝑙𝑏𝑐𝑜 = 3 μm, 𝐷𝑐,𝑚𝑖𝑛1 = −0.527 μm occurs at 𝑡 = 0.825 μs, about 2.4 times larger than that for the 7 μm case due to stronger 
bubble–cell repulsion. Following elastic rebound and expansion driven by sink flow, the cell attains its first maximum deformation 
𝐷𝑐,𝑚𝑎𝑥1 = 1.448 μm at 𝑡 = 1.139 μs, which is about 3.8 and 1.4 times greater than for the 𝑙𝑏𝑐𝑜 = 7 μm and 5 μm cases, respectively. After 
collapse, the bubble undergoes several oscillations, while 𝐷𝑐 gradually decreases after reaching its peak, irrespective of the bubble 
motion. These results clearly demonstrate that the ratio 𝑙𝑏𝑐𝑜∕𝑅𝑏,𝑚𝑎𝑥 governs the strength of bubble–cell coupling, which becomes 
substantially stronger when 𝑙𝑏𝑐𝑜 < 𝑅𝑏,𝑚𝑎𝑥.

3.3.3. Effect of elastic shear modulus
Fig.  15 describes the bubble shrinkage and collapse near a spherical cell for 𝑙𝑏𝑐𝑜 = 3 μm at 𝐺 = 0.01 Pa and 10MPa. For the soft cell 

case (𝐺 = 0.01MPa), the bubble expansion proceeds almost freely, pushing the nearby solid outward with negligible resistance until 
𝑡 ≤ 0.920 μs, as presented in Fig.  15(a). The onset of bubble contraction nearly coincides with the re-expansion of the compressed cell, 
reflecting the fluid-like behavior of a low-shear-modulus solid [36]. Because the surrounding solid offers little elastic resistance, the 
bubble collapses nearly spherically, producing a symmetric flow field at 𝑡 = 1.130 μs. This symmetry causes slight bubble migration 
toward the cell surface but no jet formation during collapse (𝑡 ≥ 1.140 μs).

In contrast, for the stiff cell (𝐺 = 10MPa), the solid retains an almost undeformed spherical shape throughout the expansion 
stage (𝑡 = 0.920 μs), generating a very thin liquid film beneath the bubble. This configuration enhances the attractive hydrodynamic 
interaction, particularly along the central axis (𝑟 = 0), and results in a highly elongated bubble shape at 𝑡 = 1.130 μs. As the 
bubble further shrinks, an asymmetric sink flow develops due to the strong hydrodynamic resistance imposed by the stiff cell. 
Instead of undergoing large deformation, the entire cell translates axially, resulting in the formation of a strong downward liquid 
jet at 𝑡 = 1.137 μs. The jet drives rapid bubble migration and impact onto the cell surface. Because of the cell’s rigidity, noticeable 
compressive deformation is absent at 𝑡 = 1.144 μs. These observations indicate that the shear modulus not only governs jet formation 
toward the cell surface but also enhances resistance to deformation, thereby balancing the bubble-induced stresses.

The effects of 𝐺 on 𝑅𝑏 and 𝐷𝑐 for 𝑙𝑏𝑐𝑜 = 3 μm are summarized in Fig.  16. As 𝐺 increases from 0.01MPa, 𝑅𝑏,𝑚𝑎𝑥 changes little, 
showing a different trend from our previous results for bubble motion near planar tissues [26]. This difference arises because 
the spherical cell experiences rigid-body translation concurrent with compression, causing outward displacement during bubble 
expansion. Although 𝑅𝑏,𝑚𝑎𝑥 varies minimally with 𝐺, the rebound radius 𝑅𝑏,𝑚𝑎𝑥2 shows a stronger dependence. At 𝐺 = 1 MPa, the 
rebounding bubble reaches 𝑅𝑏,𝑚𝑎𝑥2 = 1.606 μm at 𝑡 = 1.201 μs, representing the largest rebound among all cases. Throughout the 
entire growth–collapse cycle, the cell deformation 𝐷𝑐 exhibits distinct behaviors with varying 𝐺, even before bubble collapse, as 
shown in Fig.  16(b).

During bubble growth, the soft cell (𝐺 = 0.01MPa) behaves in a fluid-like manner and undergoes substantial compression, 
whereas the stiff cell (𝐺 = 10MPa) remains almost undeformed. The intermediate case (𝐺 = 1MPa) exhibits pronounced elastic 
behavior, reaching a first minimum deformation of |𝐷𝑐,𝑚𝑖𝑛1| = 0.088 μm at 𝑡 = 0.693 μs, corresponding to a 92% reduction compared 
with the soft-cell case. The cell then recovers earlier under elastic stresses and expands during bubble collapse, achieving a first 
maximum deformation 𝐷𝑐,𝑚𝑎𝑥1 = 0.439 μm at 𝑡 = 1.130 μs.

After reaching its maximum deformation, the cell rapidly compresses and attains a second minimum deformation |𝐷𝑐,𝑚𝑖𝑛2| =
5.77 μm at 𝑡 = 1.253 μs, which is about 64.5 times larger than |𝐷𝑐,𝑚𝑖𝑛1|. This result indicates that an intermediate cell stiffness 
promotes both asymmetric flow formation and substantial elastic deformation, producing the largest overall cell response. These 
findings demonstrate that the elastic shear modulus of the surrounding cell is a key parameter governing bubble–cell interaction 
dynamics.

4. Conclusions

A mass-conservative CLSVOF framework was developed to simulate compressible multiphase flows with viscoelastic solid 
deformation. The fully Eulerian formulation, combined with a mass-preserving VOF equation, accurately captures ultrasound-driven 
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Fig. 15. Liquid velocity (left) and pressure (right) fields for 𝑙𝑏𝑐𝑜 = 3 μm with (a) 𝐺 = 0.01 MPa and (b) 𝐺 = 10 MPa. The gray and white regions 
represent the tissue and bubble, respectively.

Fig. 16. Effect of the shear modulus on bubble–cell interactions for 𝑙𝑏𝑐𝑜 = 3 μm: (a) averaged bubble radius 𝑅𝑏 and (b) cell deformation 𝐷𝑐 .

bubble dynamics and solid responses. Benchmark validations — including bubble rising, droplet equilibrium, and solid deformation 
— showed excellent agreement with reference data, maintaining total mass variation below 1% even during bubble collapse. The 
framework successfully reproduced bubble–bubble and bubble–cell interactions under ultrasonic excitation, revealing that the cell’s 
elastic modulus governs flow asymmetry and deformation characteristics. These results demonstrate that the proposed method 
provides a robust and versatile numerical tool for analyzing complex compressible multiphase systems with solid deformation.
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