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 A B S T R A C T

The enhancement of hydrogen bubble growth induced by ultrasonic waves is investigated using a numerical 
model that incorporates both vapor phase change and dissolved hydrogen mass transfer. The model couples 
the Keller–Miksis equation with energy and hydrogen mass fraction equations, directly computing vapor phase 
change rates and hydrogen mass flux based on temperature and mass fraction fields. A bubble growing 
under ultrasonic excitation experiences a sudden increase in hydrogen mass under resonance conditions. The 
timing and magnitude of this rapid bubble growth are highly sensitive to ultrasonic frequency, emphasizing 
the need for precise frequency modulation to effectively induce bubble resonance and enhance hydrogen 
mass growth. The resonance frequency-bubble radius correlation for hydrogen bubbles in a supersaturated 
solution is provided, incorporating both vapor phase change and hydrogen mass transfer effects. Ultrasonic 
waves with a variable resonance frequency, adapting to the continuously growing bubble, significantly 
enhance hydrogen accumulation within the bubble compared to both silent conditions and conventional single-
frequency excitation. The influence of operating parameters, including the initial bubble radius, electrolyte 
concentration, and temperature, on the hydrogen mass enhancement achieved by variable-frequency excitation 
is also examined.
1. Introduction

Hydrogen, with its high energy density, is recognized as a sustain-
able and eco-friendly energy source, particularly when integrated with 
renewable energy. Among various methods for obtaining hydrogen, 
the alkaline electrolysis process (AWE) is a widely utilized eco-friendly 
approach that produces hydrogen without emitting carbon byproducts 
such as carbon monoxide and carbon dioxide. In AWE, bubbles help 
alleviate dissolved hydrogen gas accumulation around the electrode 
[1], but their undesirable coverage of active sites and ion transport 
blockage increase cell resistance, leading to excessive energy con-
sumption and reduced production efficiency [2,3]. Various strategies, 
including ultrasound, electrolyte flow, and magnetic force, have been 
explored to control hydrogen bubble dynamics in AWE [2,4].

Ultrasound is a promising tool for removing bubbles from the elec-
trode, driving extensive experimental research on ultrasound-assisted 
alkaline water electrolysis [5–7]. Li et al. [5] defined hydrogen pro-
duction efficiency as the ratio of the experimentally collected hydrogen 
volume to the estimated volume from the ideal gas law and reported a 
5–18% increase under ultrasonic excitation. Araujo et al. [6] defined 
the efficiency as the ratio of the measured hydrogen volume to the 
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electrical power supplied to the cell and also reported improved effi-
ciency in the presence of ultrasound. However, these definitions do not 
account for the electrical power required to generate the ultrasound 
field and therefore do not represent the net electrolysis efficiency. More 
recently, Kwon et al. [7] explicitly included the electrical power con-
sumed by the ultrasonic transducer when evaluating the net power gain 
of ultrasonic-assisted electrolysis. They demonstrated that optimized 
ultrasound on/off timing can reduce the overall energy consumption 
even when the power input for ultrasound generation is taken into 
account. While most studies have focused on bubble removal, bubbles 
in AWE also act as hydrogen sinks by reducing dissolved gas con-
centration, thereby mitigating the concentration overpotential [1,8], 
and serve as carriers transporting hydrogen gas to collection surfaces, 
as in ultrasonic degassing [9]. Despite the critical role of bubbles in 
water electrolysis, research on increasing hydrogen production rates by 
promoting bubble growth using ultrasound remains limited.

Numerous studies [10–13] have investigated ultrasound-driven bub-
ble growth to enhance various applications such as particle separation, 
cleaning, and emulsification. Chen et al. [10] effectively controlled 
the stable growth of carrier bubbles using high-frequency ultrasound 
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Nomenclature

Variables

𝑅̄𝑏 radius averaged over a single pulse cycle
𝑅̇ differentiation of radius
𝐶 sound speed
𝑐 specific heat at constant volume
𝐶𝐻 Henry’s constant
𝐷𝑙 diffusivity
𝑓𝑢 frequency of ultrasonic pulse
𝐺 mass flux
ℎ𝑓𝑔 latent heat
𝑀 Molar mass
𝑚 mass
𝑝 pressure
𝑃𝑢 pressure amplitude of ultrasonic pulse
𝑅 radius
𝑟 radial coordinate
𝑅𝑔 gas constant
𝑇 temperature
𝑡 time
𝑢 flow velocity
𝑌 mass fraction
Greek Symbols
𝛼 accommodation coefficient
𝛥 increment
𝛾 parameter in equations of state
𝜆 thermal conductivity
𝜇 viscosity
𝜌 density
𝜎 surface tension coefficient
Subscripts

∞ ambient
𝑏, 𝑙 bubble, liquid
𝑔, ℎ, 𝑣 gas, hydrogen, vapor
𝑜 initial
𝑠 surface
𝑠𝑎𝑡 saturation
𝑢 ultrasonic

to enhance coal particle transport while preventing cavitation col-
lapse. Sahoo et al. [11] suppressed the transition of bubble nuclei into 
large resonance radii matching the excitation frequency by surfactant 
adsorption onto bubble surfaces, mitigating excessive damage from 
cavitation collapse. Udepurkar et al. [12] regulated the upper limit of 
bubble growth, typically the resonant size where cavitation collapse 
occurs and tiny gas bubbles begin to be ejected, using high-frequency 
ultrasound to reduce oil emulsion size. The above studies focus on 
controlling bubble growth to induce or suppress acoustic cavitation, but 
research on utilizing frequency control or resonance effects to enhance 
ultrasound-driven bubble growth itself is still lacking.

Several experimental and numerical studies [14–16] have investi-
gated bubble growth enhancement through dissolved gas mass transfer 
under resonance conditions. Soto et al. [14] experimentally visualized 
the sudden jump growth of CO2 bubbles in a supersaturated liquid sub-
jected to ultrasonic excitation. More recently, Smith and Wang [15,16] 
numerically examined the resonance-induced jump growth of spher-
ical air bubbles with varying surfactant concentrations, emphasizing 
2 
the role of surfactant-modulated surface tension in rectified diffu-
sion dynamics. While these studies provide important insights into 
resonance-driven bubble growth enhancement via frequency control, 
resonance-induced jump growth of hydrogen bubbles in the context of 
water electrolysis has remained largely unexplored.

In addition, several recent studies [17–19] have explored bubble 
growth enhancement by controlling the excitation frequency using 
dual- and multi-frequency ultrasonic excitation based on the Keller–
Miksis equation. Zhang et al. [17,18] demonstrated that dual-frequency 
excitation can accelerate rectified diffusion-driven bubble growth and 
reported that the lower-frequency component, corresponding to a larger
resonance radius, plays a dominant role. Wang et al. [19] showed 
that multi-frequency ultrasonic excitation can reduce the effective pres-
sure threshold required for rectified diffusion-driven bubble growth; 
however, it did not increase the final bubble size compared to dual-
frequency excitation. These findings suggest that combinations of fixed 
frequencies have inherent limitations in sustaining resonance during 
continuous bubble growth, thereby motivating the need for variable-
frequency strategies.

Despite these advances, systematic numerical investigations of hy-
drogen bubble growth enhancement in water electrolysis using
variable-frequency control remain scarce. To the best of our knowledge, 
no such systematic investigation has been reported. The present study 
addresses this gap by systematically examining resonance-induced hy-
drogen bubble growth under variable-frequency ultrasonic excitation.

In this study, a comprehensive numerical model for the diffusive 
growth of hydrogen (H2) bubbles in supersaturated liquid, incorpo-
rating H2 mass transfer and vapor phase change effects, is developed 
by coupling the Keller–Miksis (KM) equation with energy and H2
mass fraction equations. The model directly calculates the vapor phase 
change rate and diffusive mass flux from local temperature and H2
mass fraction distributions without additional assumptions. A resonant 
frequency-bubble radius relationship that considers both gas phase 
change and mass transfer effects is presented. Based on this formula-
tion, a novel idea is proposed to promote hydrogen bubble growth by 
varying the resonant frequency depending on the bubble radius.

2. Numerical analysis

The numerical model simulates the evolution of a hydrogen-vapor 
mixture bubble in a 1M potassium hydroxide (KOH) solution with 
dissolved H2 gas. The mixture spherical bubble is assumed to contain 
a uniform H2 mass fraction 𝑌𝑏, while the surrounding liquid contains 
dissolved H2 with a spatially varying mass fraction 𝑌𝑙. The bubble is ini-
tially in thermal and mechanical equilibrium, immersed in an ambient 
solution at 𝑇∞ = 50 ◦C and 𝑝∞ = 1 atm, and undergoes periodic growth 
and contracts under applied acoustic waves. The Van der Waals (VDW) 
gas law is applied to accurately capture rapid bubble contraction and 
collapse [20–22] Although this is not a primary consideration in the 
present study, the formulation incorporating the VDW gas law remains 
applicable under high-intensity ultrasonic excitation, where it provides 
a more reliable prediction of the internal pressure during intense bubble 
collapse than the ideal gas law. The VDW equation of state (EOS) for 
the ideal mixture bubble is written as 

𝑝 =
𝜌𝑅𝑔𝑇
1 − 𝑏𝜌

− 𝑎𝜌2 (1)

where 
𝑎𝑏 = 𝑎ℎ𝑌

2
𝑏 + 2

√

𝑎ℎ𝑎𝑣𝑌𝑏(1 − 𝑌𝑏) + 𝑎𝑣(1 − 𝑌𝑏)2 (2)

𝑏𝑏 = 𝑏ℎ
𝑀𝑏
𝑀ℎ

𝑌 2
𝑏 + 1

4

[

(

𝑏ℎ
𝑀𝑏
𝑀𝑣

)1∕3
+
(

𝑏𝑣
𝑀𝑏
𝑀ℎ

)1∕3
]3

𝑌𝑏(1 − 𝑌𝑏)

+ 𝑏𝑣
𝑀𝑏
𝑀𝑣

(1 − 𝑌𝑏)2 (3)
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Here, 𝑅𝑔 is the gas constant, 𝑎𝑏 and 𝑏𝑏 are the VDW coefficients for  the 
mixture bubble expressed in terms of 𝑌𝑏 [21,23], and the subscripts 
ℎ, 𝑣, and 𝑏 refer to hydrogen, vapor and bubble, respectively. The 
molar mass 𝑀𝑏 and gas constant 𝑅𝑔,𝑏 inside the bubble are evaluated 
as 𝑀−1

𝑏 = 𝑀−1
ℎ 𝑌𝑏 +𝑀−1

𝑣 (1 − 𝑌𝑏) and 𝑅𝑔,𝑏 = 𝑅𝑔,ℎ𝑌𝑏 + 𝑅𝑔,𝑣(1 − 𝑌𝑏).

2.1. Governing equations

The acoustic cavitation model, incorporating vapor phase change 
and non-condensable gas effects from our previous study [21], is ex-
tended to account for the growth of hydrogen-vapor mixture bubble in 
supersaturated KOH solution. Assuming a homogeneous distribution of 
vapor and H2 gas inside the bubble, the governing equations for the 
bubble, with uniform mass fraction 𝑌𝑏 and density 𝜌𝑏, are expressed as 

𝜕𝑟2𝜌𝑏𝑢𝑏
𝜕𝑡

+ 𝜕
𝜕𝑟

(𝑟2𝑢𝑏𝜌𝑏𝑢𝑏) = −𝑟2
𝜕𝑝𝑏
𝜕𝑟

+ 4
3

[

𝜕
𝜕𝑟

𝑟2𝜇𝑏(
𝜕𝑢𝑏
𝜕𝑟

−
𝑢𝑏
𝑟
) + 𝑟𝜇𝑏(

𝜕𝑢𝑏
𝜕𝑟

−
𝑢𝑏
𝑟
)
]

(4)

𝜕𝑟2𝜌𝑏𝑒𝑏
𝜕𝑡

+ 𝜕
𝜕𝑟

(𝑟2𝑢𝑏𝜌𝑏𝑒𝑏) = −𝑝𝑏
𝜕
𝜕𝑟

(𝑟2𝑢𝑏)+
𝜕
𝜕𝑟

𝑟2𝜆𝑏
𝜕𝑇𝑏
𝜕𝑟

+ 4
3
𝑟2𝜇𝑏

(

𝜕𝑢𝑏
𝜕𝑟

−
𝑢𝑏
𝑟

)2

(5)

Here, the bubble viscosity 𝜇𝑏, the specific heat 𝑐𝑏, and the thermal 
conductivity 𝜆𝑏, are evaluated as 𝜇𝑏 = 𝜇ℎ𝑌𝑏 + 𝜇𝑣(1 − 𝑌𝑏), 𝜆𝑏 = 𝜆ℎ𝑌𝑏 +
𝜆𝑣(1 − 𝑌𝑏) and 𝑐𝑏 = 𝑐ℎ𝑌𝑏 + 𝑐𝑣(1 − 𝑌𝑏), respectively. The temperature is 
calculated from 𝑇𝑏 = (𝑒𝑏+𝑎𝑏𝜌𝑏)∕𝑐𝑏 and the pressure 𝑝𝑏 is obtained from 
the VDW Eq. (1). It is noted that 𝜌𝑏 and 𝑌𝑏 are explicitly obtained from 
the mass flux across the interface, which will be described later.

In the region of incompressible liquid KOH solution with dissolved 
H2 gas, the conservation equations are expressed as 
1
𝑟2

𝜕
𝜕𝑟

(𝑟2𝑢𝑙) = 0 (6)

𝜌𝑙

(

𝜕𝑢𝑙
𝜕𝑡

+ 𝑢𝑙
𝜕𝑢𝑙
𝜕𝑟

)

= −
𝜕𝑝𝑙
𝜕𝑟

+ 𝜇𝑙

[

1
𝑟2

𝜕
𝜕𝑟

(

𝑟2
𝜕𝑢𝑙
𝜕𝑟

)

−
2𝑢𝑙
𝑟2

]

(7)

𝜌𝑙𝑐𝑙

(

𝜕𝑇𝑙
𝜕𝑡

+ 𝑢𝑙
𝜕𝑇𝑙
𝜕𝑟

)

= 1
𝑟2

𝜕
𝜕𝑟

(

𝑟2𝜆𝑙
𝜕𝑇𝑙
𝜕𝑟

)

+ 2𝜇𝑙

[

(

𝜕𝑢𝑙
𝜕𝑟

)2
+ 2

( 𝑢𝑙
𝑟

)2
]

(8)

𝜌𝑙

(

𝜕𝑌𝑙
𝜕𝑡

+ 𝑢𝑙
𝜕𝑌𝑙
𝜕𝑟

)

= 1
𝑟2

𝜕
𝜕𝑟

(

𝑟2𝜌𝑙𝐷𝑙
𝜕𝑌𝑙
𝜕𝑟

)

(9)

The conservation Eqs. (4)–(9) are coupled through the following 
matching conditions, accounting for mass flux due to vapor phase 
change and H2 mass transfer at 𝑟 = 𝑅𝑏: 

𝜌𝑙(𝑅̇𝑏 − 𝑢𝑙𝑠) = 𝜌𝑏𝑠(𝑅̇𝑏 − 𝑢𝑏𝑠) = 𝐺𝑏 (10)

𝑌𝑙𝑠 = 𝐶𝐻
𝜌𝑏𝑠
𝜌𝑙

𝑌𝑏𝑠 (11)

𝑝𝑙𝑠 = 𝑝𝑏𝑠−
2𝜎
𝑅𝑏

+𝐺2
𝑏 (

1
𝜌𝑏𝑠

− 1
𝜌𝑙
)+2𝜇𝑙

𝜕𝑢𝑙
𝜕𝑟

|

|

|

|𝑟=𝑅𝑏

− 4
3
𝜇𝑏

(

𝜕𝑢𝑏
𝜕𝑟

−
𝑢𝑏
𝑟

)

𝑟=𝑅𝑏

(12)

𝑇𝑙𝑠 = 𝑇𝑏𝑠 = 𝑇𝑠 (13)

and the boundary conditions at 𝑟 = ∞ are written as follows: 
𝑢𝑙 = 0 (14)

𝑝𝑙 = 𝑝∞ + 𝑝𝑢 (15)

𝑇𝑙 = 𝑇∞ (16)

Here, 𝑝𝑢 denotes an ultrasonic pressure condition and 𝐶𝐻  is Henry’s 
constant. Note that the bubble surface velocity 𝑅̇𝑏 = 𝑑𝑅𝑏∕𝑑𝑡 in Eq. (10) 
differs from 𝑢  and 𝑢  used in the conservation Eqs. (4), (6) and 
𝑙𝑠 𝑏𝑠

3 
(7) due to the total mass flux 𝐺𝑏 from both vapor phase-change flux 
and H2 mass transfer. Eq. (12) describes the force balance, accounting 
for pressure difference, surface tension, total mass flux, and viscous 
stress at the liquid-bubble interface. Eq. (11) is derived using Henry 
law, based on the densities and mass fractions inside and outside 
the bubble. The mass fraction interface condition allows discontinuity 
at the interface, while the temperature continuity is maintained in 
Eq. (13).

2.2. Mass fluxes from vapor phase change and hydrogen mass transfer

Considering the energy balance at the bubble-liquid boundary, the 
vapor transport rate 𝐺𝑣 from evaporative phase change is obtained 
based on the heat flux at 𝑟 = 𝑅𝑏 [24,25] as 

𝐺𝑣 = 1
ℎ𝑓𝑔

(

𝜆𝑙
𝜕𝑇𝑙
𝜕𝑟

|

|

|

|𝑟=𝑅𝑏

− 𝜆𝑏
𝜕𝑇𝑏
𝜕𝑟

|

|

|

|𝑟=𝑅𝑏

)

(17)

To determine the bubble surface temperature 𝑇𝑠 used in Eq. (17), 
the gas kinetic theory is applied as [21,23,26] 

𝐺𝑣 = 2𝛼
2 − 𝛼

𝑝𝑣,𝑠𝑎𝑡 − 𝑝𝑣𝑠
√

2𝜋𝑅𝑔,𝑣𝑇𝑠
(18)

Here, the accommodation coefficient 𝛼, which varies between 0 and 
1 [26,27], governs the extent of vapor phase change at the bubble 
interface. In the present analysis, noticeable deviation appears only for 
𝛼 ≤ 0.1, whereas the results for 𝛼 = 0.3-0.7 show minimal difference. 
Accordingly, an intermediate value of 𝛼 = 0.5 is adopted in this study. 
The vapor partial pressure 𝑝𝑣𝑠 at the bubble surface and the saturation 
pressure 𝑝𝑣,𝑠𝑎𝑡 are obtained using the VDW Eq. (1) and the following 
relations for water vapor: 
𝜌𝑣𝑠 = 𝜌𝑏(1 − 𝑌𝑏) (19)

𝑝𝑣,𝑠𝑎𝑡 = exp
(

𝑐1 −
𝑐2

𝑇𝑠 − 𝑐3

)

(20)

Here, 𝑐1 = 23.3025, 𝑐2 = 3893 and 𝑐3 = 42.68 for water vapor, and 
𝑇𝑠 is solved iteratively by coupling Eqs. (17) and (18). This indicates 
that evaporation and condensation during hydrogen bubble growth and 
contraction are driven by the imbalance between 𝑝𝑣𝑠 at the bubble 
surface and 𝑝𝑣,𝑠𝑎𝑡 in the surrounding liquid [26].

The H2 mass flux 𝐺ℎ at the interface is expressed as 

𝐺ℎ = 𝐺𝑏𝑌𝑙𝑠 + 𝜌𝑙𝐷𝑙
𝜕𝑌𝑙
𝜕𝑟

|

|

|

|𝑟=𝑅𝑏

(21)

Using the total mass flux relation 𝐺𝑏 = 𝐺ℎ +𝐺𝑣, 𝐺𝑏 can be expressed in 
terms of 𝐺𝑣 from Eq. (21) as 

𝐺𝑏 =
𝐺𝑣

1 − 𝑌𝑙𝑠
+

𝜌𝑙𝐷𝑙
1 − 𝑌𝑙𝑠

𝜕𝑌
𝜕𝑟

|

|

|

|𝑟=𝑅𝑏

(22)

2.3. Modified KM equation with phase change and mass transfer effects

To precisely compute the effects of liquid compressibility, during 
rapid bubble contraction in resonance regions, we use the KM equa-
tion [21,28], extended to include mass flux across the bubble surface 
in the matching conditions for 𝑢𝑙𝑠 and 𝑝𝑙𝑠 from Eqs. (10) and (12), 
expressed as

𝜌𝑙

[

1 − 1
𝐶𝑙,∞

(

𝑅̇𝑏 −
𝐺𝑏
𝜌𝑙

)]

𝑅𝑏
𝑑𝑅̇𝑏
𝑑𝑡

(23)

= −3
2

[

1 − 1
3𝐶𝑙,∞

(

𝑅̇𝑏 −
2𝐺𝑏
𝜌𝑙

)]

𝜌𝑙𝑅̇
2
𝑏 +

(

1 +
𝑅̇𝑏
𝐶𝑙,∞

+
𝑅𝑏
𝐶𝑙,∞

𝑑
𝑑𝑡

)

(𝑝𝑙𝑠 − 𝑝∞)

+𝐺𝑏

(

𝑅̇𝑏 +
𝐺𝑏
2𝜌𝑙

+
𝐺𝑏𝑅̇𝑏
2𝐶𝑙,∞𝜌𝑙

)

+ 𝜌𝑙

[

1 − 1
𝐶𝑙,∞

(

𝑅̇𝑏 −
𝐺𝑏
𝜌𝑙

)]

𝑅𝑏
𝑑
𝑑𝑡

(

𝐺𝑏
𝜌𝑙

)

where 

𝑝𝑙𝑠 = 𝑝𝑏𝑠 −
2𝜎 −

4𝜇𝑙
(

𝑅̇𝑏 −
𝐺𝑏

)

+ 𝐺2
(

1 − 1
)

(24)

𝑅𝑏 𝑅𝑏 𝜌𝑙 𝑏 𝜌𝑏𝑠 𝜌𝑙
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Fig. 1. Ultrasound-driven bubble motion in a supersaturated KOH solution at 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡, 𝑅𝑏𝑜 = 10 μm, 𝑃𝑢 = 0.02 MPa and 𝑓𝑢 = 0.1 MHz during first two 
ultrasound pulse periods (0 ≤ 𝑡 ≤ 20 μs): (a) Bubble radius, (b) H2 mass fraction inside the bubble, (c) diffusive mass flux at the bubble interface, and (d) H2 mass 
and vapor mass inside the bubble. The solid and dotted lines in the Figure (d) represent the H2 gas mass and vapor mass, respectively.
Here, it is noted that when 𝑅̇𝑏 is much smaller than the sound speed 
𝐶𝑙,∞ (𝑅̇𝑏∕𝐶𝑙,∞ ≈ 0), the KM Eq. (23) simplifies to a modified RP 
equation, incorporating phase-change mass flux as in our previous stud-
ies [21]. During bubble collapse, if 𝑇𝑏 surpasses the vapor critical tem-
perature 𝑇𝑣,𝑐𝑟 and the thermodynamic distinction between liquid and 
gas phases vanishes [29], no vapor phase change occurs (𝐺𝑣 = 0) [21,
22] and 𝑇𝑠 is determined from the balance of heat flux 𝜆𝑏(𝜕𝑇𝑏∕𝜕𝑟) =
𝜆𝑙(𝜕𝑇𝑙∕𝜕𝑟) from the Eq. (17), with 𝐺𝑣 = 0.

2.4. Numerical methods

To track the oscillating bubble wall, the moving coordinate system 
is defined as 𝜉𝑏 = 𝑟∕𝑅𝑏 for the bubble domain, and 𝜉𝑙 = 𝑟 − 𝑅𝑏 for the 
liquid domain, in accordance with our previous studies [21,22]. The 
bubble region (𝑟 ≤ 𝑅𝑏) is discretized with a grid spacing of 𝑅𝑏𝑜∕15 ≤
𝛥𝑟 ≤ 𝑅𝑏𝑜∕50, while the liquid region (𝑅𝑏 < 𝑟 ≤ 𝐿), extending sufficiently 
far to avoid boundary effects (𝐿 > 1m), is discretized using a uniform 
grid with 𝛥𝑟 near the bubble surface and a non-uniform grid with a size 
ratio of 1.09 for the rest (𝑅𝑏𝑜 < 𝑟 ≤ 𝑅𝑏𝑜 + 80𝑅𝑏𝑜).

Detailed numerical formulations for the governing equations based 
on the moving coordinates have been described in our previous nu-
merical studies [21,22,25,30]. An adaptive time-stepping algorithm is 
utilized to precisely capture rapid bubble contraction during resonance 
while keeping numerical errors under control [21]. The governing 
Eqs. (4)–(6), (8) and (9) are solved for 𝑈𝑏, 𝑒𝑏, 𝑢𝑙, 𝑇𝑙, and 𝑌𝑙 using the 
boundary conditions 𝑢𝑙𝑠, 𝑢𝑏𝑠, 𝑇𝑠, and 𝑌𝑙𝑠 provided by the Eqs. (10), (11), 
and (13). Here, 𝐺𝑏 and 𝑅𝑏 in the Eq. (10) are determined from the mass 
flux Eq. (22) and the modified KM Eq. (23).

Our earlier numerical frameworks for acoustic cavitation [21] and 
acoustic droplet vaporization [22], although not specifically devel-
oped for hydrogen bubble growth under ultrasonic excitation, were 
4 
previously validated against available numerical solutions [31] and 
experimental data [32], as reported in Ref. [21]. In addition, grid- 
and time step convergence tests were independently performed by 
systematically varying 𝛥𝑟𝑙 and 𝛥𝑡. The evolution of the bubble radius 
showed negligible sensitivity to further grid refinement or time-step 
reduction. These results indicate that the spatial and temporal reso-
lutions adopted in the present simulations (𝛥𝑟𝑙 = 1 × 10−7 m and 
𝛥𝑡 = 1 × 10−9 s) satisfy numerical convergence requirements without 
compromising computational accuracy.

3. Results and discussion

A spherical hydrogen-vapor mixture bubble, initially having a ra-
dius of 𝑅𝑏𝑜, is immersed in liquid solution containing dissolved hydro-
gen gas at 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡, considering the supersaturation ratio reported 
in previous Refs. [33,34]. We use the following physical properties of 
liquid solution [35], hydrogen and vapor [21]: 𝜌𝑙 = 1070 kg∕m3, 𝜇𝑙 =
1.1×10−3 Pa s, 𝑐𝑙 = 4.2×103 J∕kgK, 𝜆𝑙 = 0.6 W∕m𝐾, 𝜇ℎ = 9.4×10−6 Pa s, 
𝜇𝑣 = 1.5 × 10−5 Pa s, 𝑐ℎ = 1.02 × 104 J∕kgK, 𝑐𝑣 = 1.4 × 103 J∕kgK, 
𝜆ℎ = 1.9 × 10−2 W∕mK, 𝜆𝑣 = 1.9 × 10−2 W∕mK, 𝑅𝑔,ℎ = 4124 J∕kgK, 
𝑅𝑔,𝑣 = 461.5 J∕kgK, 𝑎ℎ = 6083.5m6Pa∕kg2, 𝑎𝑣 = 1727.2m6Pa∕kg2, 
𝑏ℎ = 1.32 × 10−2 m3∕kg, 𝑏𝑣 = 1.7 × 10−3 m3∕kg, 𝜎 = 7.0 × 10−2 N∕m, 
ℎ𝑓𝑔 = 2.45×106 J∕kg, 𝑇𝑣,𝑐𝑟 = 652K, 𝐷𝑙 = 8.5×10−9 m2∕s, 𝐶𝐻 = 1.9×10−2. 
As initial conditions, the internal bubble pressure is estimated using 
𝑝𝑏𝑜 = 2𝜎∕𝑅𝑏𝑜 + 𝑝∞, and 𝜌𝑏𝑜 is assumed to follow the VDW Eq. (1).

The following ultrasonic pressure wave 𝑝𝑢, used in the Eq. (15), is 
imposed at the domain boundary (𝑟 = 𝐿): 
𝑝𝑢 = −𝑃𝑢 sin(2𝜋𝑓𝑢𝑡) (25)

Here, 𝑃𝑢 and 𝑓𝑢 represent the ultrasonic pressure amplitude and fre-
quency, respectively.
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3.1. Hydrogen-vapor bubble growth in an ultrasonic field

Fig.  1 illustrates the temporal evolution of bubble dynamics during 
the first two ultrasound oscillation periods under ultrasonic excitation 
(with US) and under silent conditions (w/o US) at 𝑅𝑏𝑜 = 10 μm, 
𝑃𝑢 = 0.02MPa and 𝑓𝑢 = 0.1MHz. Under ultrasound, the bubble radius 
𝑅𝑏 exhibits oscillations in response to ultrasonic forcing, whereas in 
the silent condition, the bubble remains nearly unchanged, as shown 
in Fig.  1(a). The hydrogen mass fraction 𝑌𝑏 inside the ultrasonically 
excited bubble fluctuates with bubble expansion and contraction due 
to bubble internal pressure variations, decreasing during expansion 
(𝑅̇𝑏 > 0) and increasing during contraction (𝑅̇𝑏 ≤ 0), as depicted in Fig. 
1(b). In contrast, under silent conditions, 𝑌𝑏 remains nearly constant 
as hydrogen gas and water vapor are transferred while maintaining 
thermodynamic equilibrium. The hydrogen mass fraction inside the 
bubble in Fig.  1(b) serves as a boundary condition for dissolved H2
gas distribution 𝑌𝑙 in the KOH solution, influencing the diffusive flux 
𝑗′′ = 𝜌𝑙𝐷𝑙(𝜕𝑌 ∕𝜕𝑟)𝑟=𝑅𝑏

 at the bubble surface, as seen in Fig.  1(c). For the 
silent condition, the initially high and uniform hydrogen mass fraction, 
𝑌𝑙(𝑟, 𝑡 = 0) = 10𝑌𝑙,𝑠𝑎𝑡, induces a high diffusive flux at the bubble surface, 
and gradually decreases from 1.8 × 10−3 to 1.8 × 10−4 as 𝑡 → 10 μs. For 
the ultrasonic condition, the hydrogen influx is larger than in the silent 
case during 𝑅𝑏∕𝑅𝑏𝑜 > 1 due to the reduced bubble pressure and the 
associated lower hydrogen mass fraction inside the bubble (𝑌𝑏 < 𝑌𝑏𝑜). 
During 𝑅𝑏∕𝑅𝑏𝑜 < 1, the influx becomes smaller. Overall, the hydrogen 
mass transferred into the bubble is governed by the combined effects of 
the internal bubble pressure, gas density, and internal gas composition, 
as described by the boundary condition for the dissolved hydrogen 
mass fraction based on Henry’s law (Eq.  (11)). A similar bubble-
growth mechanism is observed during the second oscillation cycle. The 
hydrogen mass 𝑚H2

 continues to increase slightly when 𝑅𝑏∕𝑅𝑏𝑜 > 1, 
owing to the reduced internal pressure and the corresponding decrease 
in the interfacial concentration 𝑌𝑙𝑠, as shown in Fig.  1(d). In contrast, 
the vapor inflow and outflow closely follow the radial oscillation of the 
bubble. Over the first two oscillation cycles, the hydrogen mass inside 
the bubble increases more significantly under ultrasonic excitation 
than under the silent condition, with the increment (𝑚H2

− 𝑚H2 ,𝑜) at 
𝑡 = 20 μs being approximately 44.1% larger than that at 𝑡 = 10 μs. 
This progressively increasing increment over successive oscillation cy-
cles contributes to bubble growth enhancement through cumulative 
hydrogen mass accumulation under prolonged acoustic excitation.

When the bubble grows over an extended duration (𝑡 ≤ 0.15 s), 
the bubble radius 𝑅̄𝑏 averaged over one acoustic pulse cycle and the 
hydrogen mass inside the bubble under silent conditions and ultrasonic 
excitation are compared in Fig.  2. Under silent conditions, the bubble 
exhibits smooth diffusion-dominated growth following a 𝑡0.70 scaling, 
as plotted in Fig.  2(a), which is greater than the classical 𝑡0.5 scaling 
for diffusion-driven growth in saturated liquid [8]. This difference in 
the exponent is qualitatively explained by previous numerical find-
ings [36], which reported that bubble growth in a 300% supersaturated 
solution followed a 𝑡0.64 scaling, implying that the time exponent may 
increase as the supersaturation ratio of the liquid solution rises. Under 
ultrasonic excitation, the bubble initially grows more rapidly than 
under silent conditions, and a slight bump in 𝑅̄𝑏 appears around 𝑡 =
0.01 s. This feature arises when a weak rebound during the contrac-
tion phase momentarily reaches or slightly exceeds the cycle-averaged 
radius, temporarily altering the oscillation dynamics. Subsequently, 𝑅̄𝑏
exhibits an abrupt increase near 𝑡 = 84ms, marking the onset of the 
resonance regime. In this region, 𝑅̄𝑏 exhibits a sharp peak, followed 
by a temporary decrease before stabilizing and gradually increasing 
again. It should be noted that 𝑅̄𝑏 represents the time-averaged bubble 
radius over one acoustic pulse cycle, expressed as 𝑅̄𝑏 = ∫ 𝑡+𝑇

𝑡 𝑅𝑏𝑑𝑡∕𝑇 , 
where 𝑇  denotes the period of ultrasonic pulse. Considering the abrupt 
increase in 𝑅̄𝑏, within the bubble resonance region, the hydrogen mass 
𝑚  also exhibits a rapid growth at this moment (𝑡 = 84ms), as 
H2

5 
Fig. 2. Bubble growth and hydrogen mass increase until 𝑡 ≤ 0.15 s at 𝑅𝑏𝑜 =
10 μm, 𝑃𝑢 = 0.02 MPa and 𝑓𝑢 = 0.1 MHz: (a) bubble radius 𝑅̄𝑏 averaged over 
one pulse cycle and (b) H2 mass inside the bubble.

observed in Fig.  2(b). This is consistent with previous numerical studies 
[15,16], which reported rectified diffusion-driven bubble growth and 
jump growth due to bubble resonance. Overall, the hydrogen mass 
𝑚H2

 inside the ultrasound-driven bubble increases more rapidly than 
that of the diffusion-dominated bubble under silent conditions. After 
the sharp increase associated with resonance-induced jump growth, 
the mass growth rate gradually decreases, although the bubble mass 
continues to increase monotonically even for 𝑡 > 0.15 s.

Fig.  3 compares the spatial distribution of the hydrogen mass frac-
tion 𝑌𝑙 in the liquid surrounding the bubble interface at 𝑡 = 30 ms
(left) and 𝑡 = 84 ms (right), shown relative to the ambient hydrogen 
mass fraction 𝑌𝑙,∞ in the electrolyte. The time 𝑡 = 30 ms corresponds 
to a stage at which the bubble motion under ultrasonic excitation has 
evolved beyond the initial transient perturbation and remain in a non-
resonant regime, whereas 𝑡 = 84 ms represents a stage where the 
bubble exhibits resonance-induced jump behavior. For 30 ms < 𝑡 <
30 ms+10 μs (non-resonant regime), the cycle-averaged bubble radius is 
𝑅̄𝑏 = 16.2 μm, whereas for 84 ms < 𝑡 < 84 ms + 10 μs (resonant regime), 
within the resonance region, 𝑅̄𝑏 = 31.3 μm. Through the bubble growth 
period, the bubble surface pushes the surrounding liquid, affecting the 
H2 mass fraction distribution, as seen in Fig.  3(a). Near 𝑡 = 30 ms, the 
temporal variation of the H2 mass fraction around the bubble surface 
remains nearly unchanged during 𝑅 > 𝑅̄ . However, in the resonance 
𝑏 𝑏
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Fig. 3. Detailed H2 mass fraction distribution in the liquid solution surrounding the bubble surface at two different moments of diffusive growth around 𝑡∗ = 30 ms
(left) and resonant oscillation around 𝑡∗ = 84 ms (right), during (a) bubble growth (𝑅𝑏 ≥ 𝑅̄𝑏) and (b) contraction (𝑅𝑏 ≤ 𝑅̄𝑏), respectively.
region near 𝑡 = 84 ms, a noticeable variation in H2 mass fraction profile 
occurs. Considering the dashed black line near 𝑡 = 84 ms (right) which 
corresponds to the steepest gradient profile for 𝑡 = 30 ms (left), the 
large bubble expansion during resonance steepens the local concen-
tration gradient near the bubble surface, accelerating hydrogen influx. 
During the bubble contraction phase, the H2 mass fraction profile near 
𝑡 = 30 ms remains almost unchanged, as shown in Fig.  3(b), closely 
resembling the profile observed during the growth phase. However, 
in the resonance region near 𝑡 = 84 ms (right), the H2 mass fraction 
exhibits significant perturbations. As 𝑅𝑏∕𝑅̄𝑏 decreases, the internal 
bubble pressure increases, which in turn raises the interfacial hydrogen 
mass fraction 𝑌𝑙𝑠 according to Henry’s law (Eq.  (11)). This pressure-
induced increase in 𝑌𝑙𝑠 generates a negative concentration gradient of 
𝑌𝑙 near the bubble surface. Over a very short time interval, the resulting 
inverted concentration profile induces a transient hydrogen outflux. 
However, during the relatively longer expansion phase, hydrogen influx 
over the enlarged bubble surface area dominates, leading to a marginal 
net increase in the hydrogen mass inside the bubble. This behavior is 
qualitatively consistent with previous interpretations of bubble growth 
driven by rectified diffusion in cavitation bubbles [37].

3.2. Effects of ultrasonic amplitude and frequency on bubble resonance

The influence of acoustic excitation amplitude 𝑃𝑢 on bubble evo-
lution and hydrogen mass increase, while keeping other variables 
constant, is presented in Fig.  4. As 𝑃𝑢 increases by 1.5 and 2 times 
from 0.02MPa, 𝑅̄𝑏 not only grows more rapidly but also exhibits a 
more pronounced sharp peak within the resonance region, as shown 
in Fig.  4(a). Beyond the generation of a sharp peak, an increase in 𝑃𝑢
reduces the bubble resonance radius for jump growth and shifts the 
onset of bubble resonance to an earlier time. This trend qualitatively 
agrees with previous experimental and numerical findings [38,39] that 
6 
observed nonlinear deformation of the resonance curve with increasing 
pressure amplitude. Given the earlier onset of bubble resonance a 
similar shift in the jump growth of 𝑚H2

∕𝑚H2 ,𝑜 can also be observed in 
Fig.  4(b). The rapid increase in 𝑚H2

∕𝑚H2 ,𝑜 with rising 𝑃𝑢 indicates that 
stronger ultrasonic forcing enhances bubble expansion and contraction, 
thereby promoting the influx of dissolved hydrogen. While a higher 
𝑃𝑢 intensifies bubble resonance and growth, 𝑃𝑢 = 0.02MPa is chosen 
for the subsequent calculations, considering the quadratic relationship 
between 𝑃𝑢 and acoustic intensity 𝐼 = 𝑃 2

𝑢 ∕2𝜌𝑐𝑙,∞ [40]. The results are 
plotted only for 𝑡 < 0.1 s, corresponding to the time interval dominated 
by resonance oscillations; once the bubble leaves the resonance region, 
both the radius and the bubble mass increase monotonically without 
further jump growth.

Fig.  5 plots the influence of ultrasonic frequency 𝑓𝑢 on bubble 
resonance and hydrogen mass increase. Increasing 𝑓𝑢 by 1.5 and 2
times from 0.2 MHz reduces negative pressure period while increasing 
the number of oscillation cycles. These opposing effects balance each 
other, resulting in a lower sensitivity of bubble growth rate to 𝑓𝑢 before 
its resonance, as shown in Fig.  5(a). However, within the resonance 
region, the sharp peak of 𝑅̄𝑏 exhibits high sensitivity, not only shifting 
significantly earlier from 𝑡 = 84.1 ms to 𝑡 = 24.2 and 4.4 ms due to 
the reduction in resonance radius but also undergoing a substantial 
decrease in magnitude as 𝑓𝑢 increases from 0.1 to 0.2MHz. Similarly, as 
shown in Fig.  5(b), the onset time of 𝑚H2

∕𝑚H2 ,𝑜 growth at the resonance 
point shifts earlier with increasing 𝑓𝑢, which aligns with the previous 
numerical investigations [15] that compares the temporal evolution of 
equilibrium radius for five different applied acoustic frequencies. The 
most pronounced jump growth in 𝑚H2

∕𝑚H2 ,𝑜 occurs at 𝑓𝑢 = 0.1 MHz, 
indicating that lower frequencies induce stronger nonlinear oscillations 
despite the reduced number of oscillation cycles during bubble res-
onance. These findings indicate the potential to maximize hydrogen 
bubble growth by appropriately controlling the resonance frequency 
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Fig. 4. Influence of ultrasonic pressure amplitude on bubble growth and 
hydrogen mass increase until 𝑡 ≤ 0.1 s at 𝑅𝑏𝑜 = 10 μm and 𝑓𝑢 = 0.1 MHz: 
(a) bubble radius 𝑅̄𝑏 averaged over one pulse cycle and (b) H2 mass inside the 
bubble.

based on 𝑅̄𝑏 enabling more frequent jump growth in synchronization 
with continuous bubble growth.

3.3. Resonance frequency including mass transfer and phase change effects

Fig.  6 presents the numerical results up to 𝑡 ≤ 500 μs to determine 
the resonance frequency for an initially stationary bubble with 𝑅𝑏𝑜 at 
𝑃𝑢 = 0.02MPa and 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡. The theoretical resonance frequency 
𝑓𝑟𝑒𝑠,𝑜 for a gas bubble, neglecting phase change and mass transfer, is 
given in previous literature [16] as: 

𝑓𝑟𝑒𝑠,𝑜 =
1

2𝜋𝑅𝑏𝑜

√

1
𝜌𝑙,∞

(3𝛾𝑝∞ + 2(3𝛾 − 1) 𝜎
𝑅𝑏𝑜

) (26)

where 𝛾 is the specific heat ratio, we set 𝛾 = 1 in this study con-
sidering phase change. For 𝑅𝑏𝑜 = 10 μm, the theoretical prediction 
yields 𝑓𝑟𝑒𝑠,𝑜 = 0.28MHz, but as shown in Fig.  6(a), the most significant 
bubble growth occurs near 𝑓𝑢 = 0.24MHz, indicating that the actual 
resonance frequency 𝑓𝑟𝑒𝑠 is lower than 𝑓𝑟𝑒𝑠,𝑜. Similarly, bubbles with 
𝑅𝑏𝑜 = 20 μm and 30 μm exhibit maximum growth near 𝑓𝑢 = 0.12MHz
and 0.08MHz, respectively, which are lower than the theoretical values 
𝑓𝑟𝑒𝑠,𝑜 = 0.14MHz and 0.09MHz, as plotted in Figs.  6(b)–(c). Numerical 
results for 𝑓𝑟𝑒𝑠 demonstrate an overall reduction of more than 11% 
compared to 𝑓𝑟𝑒𝑠,𝑜. It is numerically found that neglecting vapor phase 
change and gas diffusion leads to an overestimation of the resonance 
7 
Fig. 5. Influence of ultrasonic frequency on bubble growth and hydrogen mass 
increase until 𝑡 ≤ 0.1 s at 𝑅𝑏𝑜 = 10 μm and 𝑃𝑢 = 0.02 MPa: (a) bubble radius 𝑅̄𝑏
averaged over one pulse cycle and (b) H2 mass inside the bubble.

frequency or resonance radius in our case. This is due to the damping 
effect of phase change and dissolved gas transport in relieving the 
bubble internal pressure fluctuation, analogous to bubble stiffness [41]. 
This phenomenon can be qualitatively explained by the theoretical 
formulation in Refs. [41,42] which incorporates phase change and mass 
transfer effects into the bubble resonance frequency. Therefore, en-
hancing hydrogen bubble growth through variable resonance frequency 
must account for vapor phase change and hydrogen mass transfer in the 
resonance formulation.

Fig.  7(a) compares the resonance frequency-initial bubble radius 
relationship obtained from numerical simulations and theoretical pre-
dictions at 𝑃𝑢 = 0.02MPa and 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡. The square markers 
represent the numerically computed resonance frequency 𝑓𝑟𝑒𝑠, which 
decreases inversely with increasing 𝑅𝑏𝑜. The numerical data are fitted 
with a power-law relation, yielding 𝑓𝑟𝑒𝑠(𝑅𝑏𝑜) = 2.40𝑅−1.0076

𝑏𝑜 . Overall, 
𝑓𝑟𝑒𝑠(𝑅𝑏𝑜) is lower than theoretical predictions from Eq. (26), with 
deviations increasing as 𝑅𝑏𝑜 decreases. These deviations arise from the 
more pronounced effects of vapor phase change flux and hydrogen mass 
transfer in smaller bubbles due to their higher surface-to-volume ratio. 
Note that 𝑓𝑟𝑒𝑠(𝑅𝑏𝑜) is formulated for initially stationary bubble. The 
bubble response at its resonance radius corresponding to the driving 
frequency 𝑓𝑢 for continuously growing bubble is presented in Fig.  7(b). 
Bubbles growing under ultrasound exhibit sharp resonance peaks near 
𝑅̄𝑏 = 14.7 μm, 19.6 μm, and 29.2 μm for 𝑓𝑢 = 0.16MHz, 0.12MHz, 
and 0.08MHz, respectively, based on the fitted relation in Fig.  7(a). 
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Fig. 6. Effect of resonance frequency on H2 mass inside the bubble until 
𝑡 ≤ 500 μs at 𝑃𝑢 = 0.02MPa: (a) 𝑅𝑏𝑜 = 10 μm, (b) 𝑅𝑏𝑜 = 20 μm, and (c) 
𝑅𝑏𝑜 = 30 μm.

However, the actual jump growth timing may not only deviate from 
the predicted resonance size due to the ambiguity in defining the exact 
resonance moment, but also appear to initiate gradually at a slightly 
lower value than the predicted one. This suggests that effective hy-
drogen bubble growth enhancement via variable resonance frequency 
control may require substituting a slightly smaller value than 𝑅̄𝑏 in our 
fitted correlation.
8 
Fig. 7. Correlation between ultrasonic frequency and the corresponding bub-
ble resonance radius at 𝑃𝑢 = 0.02 MPa and 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡 for: (a) initial 
stationary bubble (10 ≤ 𝑅𝑏𝑜 ≤ 100 μm) and (b) continuously growing bubble 
(𝑅𝑏𝑜 = 10 μm).

3.4. Hydrogen bubble growth enhancement using variable resonance fre-
quency

The results of applying a variable resonance frequency, adjusted 
to the evolving bubble resonance radius 𝑅̄𝑏,𝑣𝑎𝑟 with each growth in-
crement 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5μm, are plotted in Fig.  8. As 𝑅̄𝑏,𝑣𝑎𝑟 increases by 
𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5μm, the corresponding resonance frequency 𝑓𝑟𝑒𝑠 gradually 
decreases from 0.25MHz, continuously inducing resonance at larger 
radii, as plotted in Fig.  8(a). Notably, 0.9𝑅̄𝑏,𝑣𝑎𝑟 is applied in the fitted 
correlation 𝑓𝑟𝑒𝑠(𝑅̄𝑏,𝑣𝑎𝑟) = 2.40𝑅̄−1.0076

𝑏,𝑣𝑎𝑟 , as numerical results suggest that 
greater jump growth occurs at 0.9𝑅̄𝑏,𝑣𝑎𝑟 instead of 𝑅̄𝑏,𝑣𝑎𝑟, likely due to 
differences in assumptions between the initial stationary bubble and 
continuously growing bubble. Fig.  8(b) compares bubble growth under 
variable-frequency conditions with single-frequency cases for 𝑡 ≤ 0.2 s. 
Here, 𝑓𝑢 = 0.08MHz and 𝑓𝑟𝑒𝑠(𝑅𝑏𝑜) = 0.24MHz are chosen as single 
frequencies, and the dashed black line represents diffusive growth 
under silent conditions. The time range is extended to 𝑡 = 0.2 s, to 
demonstrate that, for the fixed-frequency excitation (𝑓𝑢 = 0.08MHz), 
no additional sudden growth occurs beyond the sharp peak observed 
at 𝑡 = 0.14 s, whereas continuous resonance under variable-frequency 
excitation, 𝑓 (𝑅̄ ), is further confirmed by the sequential sharp peaks 
𝑟𝑒𝑠 𝑏
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in 𝑅̄𝑏. Continuous resonance under variable frequency 𝑓𝑟𝑒𝑠(0.9𝑅̄𝑏,𝑣𝑎𝑟) is 
further confirmed by the sequential sharp peaks in 𝑅̄𝑏. After 𝑅̄𝑏 reaches 
its sharp peak in each resonance event, it decreases and eventually 
stabilizes ( ̇̄𝑅𝑏 ≈ 0), with 𝑅̄𝑏 increasing by approximately 5 μm compared 
to its pre-resonance state. This may justify the choice of 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5 μm
for maximizing bubble growth. It is noted that although the peak 
𝑅̄𝑏 surpasses 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5 μm, frequency variation occurs only when 
the resonance is stabilized ( ̇̄𝑅𝑏 ≈ 0). Such continuous induction of 
bubble resonance by variable-frequency ultrasonic waves significantly 
enhances the hydrogen mass inside the bubble, as observed in Fig. 
8(c). Under variable-frequency control with 𝑓𝑢 = 𝑓𝑟𝑒𝑠(0.9𝑅̄𝑏,𝑣𝑎𝑟), 𝑚H2
reaches approximately 73.7 times its initial hydrogen mass. Compared 
to the cases of silent condition and 𝑓𝑢 = 0.08MHz, 𝑚H2

 is about 2.5 
and 1.8 times larger, respectively. For 𝑓𝑢 = 𝑓𝑟𝑒𝑠(𝑅𝑏𝑜), 𝑚H2

 does not 
exhibit abrupt jump growth, as observed in single-frequency case as 
𝑓𝑢 = 0.08MHz, but instead shows minimal deviation from the silent 
case.

Fig.  9 shows the effect of different increment sizes 𝛥𝑅̄𝑏,𝑣𝑎𝑟. Com-
pared to 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5 μm, the step size of 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 10 μm causes 
longer intervals before each resonance event, reducing the number of 
resonance-induced frequency variations, as observed in Fig.  9(a). While 
the case of 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5 μm exhibits six resonance peak before 𝑡 = 0.2 s, 
the 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 10 μm case presents only two resonant events, as depicted 
in Fig.  9(b). For 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 10 μm, after each resonance and subsequent 
stabilization ( ̇̄𝑅𝑏 ≈ 0), 𝑅̄𝑏 continues growing for a relatively longer 
duration compared to the 5 μm case before reaching its next resonance 
condition. However, for 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5 μm, 𝑅̄𝑏 increases by approximately 
5 μm immediately after resonance and following stabilization, enabling 
more frequent frequency variation. This leads to a significant increase 
in the 𝑚H2

 growth rate, as seen in Fig.  9(c). At 𝑡 = 0.2 s, 𝑚H2
 for 

𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 5 μm is 1.8 times greater than that for 𝛥𝑅̄𝑏,𝑣𝑎𝑟 = 10 μm. This 
suggests that selecting a 5 μm step size effectively enhances hydrogen 
bubble growth.

3.5. Influence of initial bubble radius, electrolyte concentration, and tem-
perature

Fig.  10 compares the growth behavior of bubbles with initial radii of 
𝑅𝑏𝑜 = 10 μm and 20 μm. Since it is practically impossible to selectively 
irradiate bubbles of different initial sizes with individually tailored 
variable-frequency ultrasound, the same variable-frequency waveform 
used in Fig.  9(a), which was designed based on 𝑅𝑏𝑜 = 10 μm, is applied 
in both cases. For the bubble with 𝑅𝑏𝑜 = 20 μm, the bubble radius 
increases monotonically and does not enter resonance as early as the 
𝑅𝑏𝑜 = 10 μm case, as shown in Fig.  10(a). Once the bubble radius 
approaches the resonance radius corresponding to the applied variable 
frequency, resonance-induced jump growth begins to occur. As the 
resonance timing becomes synchronized with that of the 𝑅𝑏𝑜 = 10 μm
bubble, the subsequent growth behavior of the two bubbles becomes 
similar.

A comparable trend is observed for hydrogen mass growth in Fig. 
10(b). In both cases, the hydrogen mass exhibits a sudden increase at 
nearly the same moment when the resonance condition is satisfied, fol-
lowed by successive jump-growth events. Under the variable-frequency 
excitation, the bubble with 𝑅𝑏𝑜 = 20 μm attains a hydrogen mass 
approximately 1.6 times larger than that under the silent condition, 
which is slightly smaller than the enhancement observed for the 𝑅𝑏𝑜 =
10 μm case. It should be noted that the initial hydrogen mass for the 
𝑅𝑏𝑜 = 20 μm case is about 7.4 times larger than that of the 𝑅𝑏𝑜 = 10 μm. 
However, when the 𝑅𝑏𝑜 = 10 μm bubble grows to 20 μm at 𝑡 = 0.048 s, 
its internal hydrogen mass differs by only about 4% from that of the 
initial mass of 𝑅𝑏𝑜 = 20 μm bubble.

These results indicate that the resonance-induced growth enhance-
ment is essentially similar for bubbles with different initial sizes once 
they enter the resonance regime. This finding highlights that bubbles 
9 
Fig. 8. Comparison of the influence of single-frequency and variable-
frequency ultrasonic waves on bubble growth and hydrogen mass increase 
until 𝑡 ≤ 0.2 s at 𝑅𝑏𝑜 = 10 μm and 𝑃𝑢 = 0.02 MPa: (a) variation in bubble 
resonance radius 𝑅̄𝑏,𝑣𝑎𝑟 and the resulting resonance frequency 𝑓𝑟𝑒𝑠, (b) bubble 
radius 𝑅̄𝑏 averaged over one pulse cycle and (c) H2 mass inside the bubble.

𝑅𝑏𝑜 > 10 μm present in the electrolyte can still undergo acceler-
ated growth through repeated resonance-induced jump events when 
subjected to the proposed variable-frequency ultrasound, even though 
individual real-time frequency tuning for each bubble is not feasible.

Fig.  11 plots the bubble growth patterns for initial dissolved hydro-
gen concentrations 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡 and 20𝑌𝑙,𝑠𝑎𝑡. At higher supersatura-
tion, the bubble undergoes resonance-induced sudden growth, followed 
by rapid stabilization, which subsequently leads to more frequent jump 
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Fig. 9. Influence of frequency variation criteria (𝛥𝑅𝑏) on bubble growth and 
hydrogen mass increase until 𝑡 ≤ 0.2 s at 𝑅𝑏𝑜 = 10 μm and 𝑃𝑢 = 0.02 MPa: 
(a) variation in bubble resonance radius 𝑅̄𝑏,𝑣𝑎𝑟 and the resulting resonance 
frequency 𝑓𝑟𝑒𝑠, (b) bubble radius 𝑅̄𝑏 averaged over one pulse cycle and (c) H2
mass inside the bubble.

events. This behavior is attributed to the accelerated diffusive growth 
rate after resonance and the bubble’s faster escape from the resonance 
condition. It is noted that the hydrogen mass increase driven by gas 
influx directly alters the bubble size, unlike vapor exchange, and is 
therefore strongly coupled to the resonance dynamics. Overall, the 
10 
Fig. 10. Effect of the initial bubble radius 𝑅𝑏𝑜 using the time-dependent 
waveform derived from the pulse in Fig.  8 at 𝑃𝑢 = 0.02 MPa: (a) bubble radius 
𝑅̄𝑏 averaged over one pulse cycle and (b) H2 mass inside the bubble. The 
dashed line represents the hydrogen mass under the silent condition.

rapid growth of bubbles in highly supersaturated electrolytes leads to 
a faster increase in hydrogen mass, as shown in Fig.  11(b). In the 
higher-concentration electrolyte, the hydrogen mass inside the bubble 
increases more rapidly under the variable-frequency excitation and 
reaches a value 1.65 times larger than that for 𝑌𝑙,∞ = 10𝑌𝑙,𝑠𝑎𝑡 at 𝑡 = 0.2 s. 
However, the enhancement ratio relative to the silent condition is only 
1.10 because the faster diffusive growth in the absence of ultrasonic 
pulsing already yields substantial hydrogen accumulation. This suggests 
that the effect of ultrasonic forcing becomes more pronounced when 
the concentration of dissolved hydrogen near the electrode is not 
excessively high.

Fig.  12 presents the bubble growth behavior for different electrolyte 
temperatures. At 𝑇𝑙,∞ = 70 oC, the amplitude of the jump-growth events 
is smaller than observed that at 𝑇𝑙,∞ = 50 oC, as plotted in Fig.  12(a). 
This behavior arises from the strong temperature sensitivity of the 
resonance-frequency relation 𝑓𝑟𝑒𝑠(𝑅𝑏), which weakened the resonance-
induced growth and consequently reduces the hydrogen mass increase, 
as shown in Fig.  12(b). As the electrolyte temperature increases, the 
hydrogen mass under the silent condition increases more significantly 
due to the higher hydrogen influx required to maintain thermodynamic 
equilibrium with the enhanced vapor influx. When this accelerated 
mass increase under the silent condition is taken into account, the 
hydrogen mass enhancement achieved by variable-frequency excitation 
becomes less pronounced than that at lower temperatures, leading to a 
reduced enhancement ratio of 1.79 at 𝑇 = 70 oC. These results indicate 
∞
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Fig. 11. Effect of initial dissolved hydrogen concentrations on bubble growth 
at 𝑃𝑢 = 0.02 MPa, 𝑓𝑢 = 𝑓𝑟𝑒𝑠 (fitted from Fig.  7(a)), and 𝑅𝑏𝑜 = 10 μm: (a) bubble 
radius 𝑅̄𝑏 averaged over one pulse cycle and (b) H2 mass inside the bubble. 
The dashed line represents the hydrogen mass under the silent condition.

that maximizing hydrogen mass enhancement requires appropriate ad-
justment of the resonance-frequency correlation 𝑓𝑟𝑒𝑠(𝑅𝑏) in accordance 
with the operating temperature of the electrolysis cell.

4. Conclusions

We developed a numerical model for ultrasound-induced hydrogen 
bubble growth, incorporating vapor phase change and dissolved gas 
mass transfer by combining the Keller–Miksis equation with energy 
and hydrogen mass fraction equations in a supersaturated solution. 
This model directly evaluated vapor phase-change rates and hydrogen 
gas mass transfer from local temperature and hydrogen mass fraction 
distributions. The hydrogen mass inside the bubble increased abruptly 
as the bubble in a supersaturated solution continuously grows to ap-
proach its resonance size. This abrupt jump growth was attributed to 
the perturbed and convected dissolved hydrogen distribution near the 
interface during resonance, leading to a significantly higher mass influx 
than before resonance. The timing and amplitude of mass jump growth 
at resonance were highly sensitive to ultrasonic frequency, highlighting 
the potential of resonance frequency modulation to maximize con-
tinuous jump growth. The resonance frequency in a supersaturated 
solution, incorporating vapor phase change and gas mass transfer, was 
numerically computed and fitted to provide a resonance frequency-
bubble radius correlation. Variable resonance frequency control sig-
nificantly increased hydrogen mass compared to silent conditions and 
11 
Fig. 12.  Effect of electrolyte temperature on bubble growth at 𝑃𝑢 = 0.02 MPa, 
𝑓𝑢 = 𝑓𝑟𝑒𝑠 (fitted from Fig.  7(a)), and 𝑅𝑏𝑜 = 10 μm: (a) bubble radius 𝑅̄𝑏
averaged over one pulse cycle and (b) H2 mass inside the bubble. The dashed 
line represents the hydrogen mass under the silent condition.

also outperformed conventional single low-frequency excitation. In this 
study, an incremental step of 5 μm for resonance frequency variation 
was found to be the most effective in promoting hydrogen bubble 
growth. The enhancement ratio achieved by variable-frequency ex-
citation decreases with increasing initial bubble radius, due to the 
larger initial hydrogen mass within the bubble and the reduced num-
ber of resonance-induced jump events during growth. Furthermore, 
increases in electrolyte concentration and temperature also result in a 
reduced enhancement ratio. These results indicate that the effective-
ness of resonance-radius-based variable-frequency excitation is strongly 
dependent on electrolysis operating conditions, and that robust oper-
ating frequencies exist as a function of temperature and electrolyte 
concentration.
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